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Ì e	�DABE�5�MyAB7*IRHJI �B3!;BC>OSN23<E�7)Cyg)LU5<7
3.14

�>��3�gJ5<1R1
3
H*L23 ���!�3'546'7098!�$0:� 58;>=

0.14H*L23<; 0��=�>���3�����
�68!�$0:� e���IG;>=�5�MyAB7*IRHJI �B3¿;BC>OPN>36E�7)Cyg)L�H*LB5�H�H*L23qi4E�5�gJHJIKAB;25<1>M258E�H,��H*L23IK;DHJ38¤636EwM>5<E�H,�B5<;>=!H*L23:;BC>OPN>36EwI�HJ79361Rik58EJ3¿H*LBEJ3<3�g�AB;27,3<g�CBHJI��B3qH�36E�O�7Ü45`Ý�IK;�5<;�58E�IRH*LBOP3�HJIKgF7,3<ÒBCy36;>g*3=2 Ü�N8Ý�IK;�5�¤638ABOP3�H�E�I4gF7938ÒDCy3<;>g�3>eÜK�kL23@7,3<ÒBCy36;>g*3
a1
�
a2
�
a3
�
a4
�
. . .

IK7xgJ5<1R143<= �$0?�3�.-1 "'$���3� IGi¢H*L236EJ3�IG7�5!;BC>OPN>36E
d7)Cyg)L�H*LB5�H

a2 − a1 = a3 − a2 = a4 − a3 = . . . = d
22I�HwIK7xgJ5<1R143<= 4='$�� "'$�.0?�3� IRiH*L23<EJ3�IG7Q5�;BC>OPN>36E

r 6= 0
7*Cyg)L!H*LB5�H

a2/a1 = a3/a2 = a4/a3 = . . . = r
e Ý

����������������������������! "��#$�&%('�#*)�+,�.-�'/'�#$������0 e
)<3�H

x
N23�5xM>AB7)I�HJI��B3#;BC>OPN>36E`e
)<3�H

n
N23#IRH�7�IG;DH�3<¤63<E/M258E�H/58;>=

y
IRH�7�i4E�5�gJHJIKAB;25<1M>5<E�H`e��¢LDC>7`�

x = n + y
�8��L23<EJ3

n
IG7Q58;�IG;DH�3<¤63<Ew5<;>=

0 ≤ y < 1
eÜ45`Ý � 3��:5<;DHQH�AS�>;>=

x
79APH*LB56H

y
�
n
�¢58;>=

x
58EJ3�g�AB;27,3<g�CBHJI��B3�H�36E�O�7qIG;�5<;58E�IRH*LBOP3�HJIKgF7,3<ÒBCy36;>g*32e

��IGE�7*H�7*C>M>M>AB7,3xH*LB5�H
0 < x < 1

e��kL23<;
n = 0

58;>=
x = y

e��kL23¿;BC>OSN23<E�7
y
�

n
�25<;>=

x
58EJ3:;>A�H�H�36E�O�7QIG;�58;�5<EJI�H*LBOS3`HJI4gF7938ÒDCy3<;>g�3�IK;!H*LDIG7#g�5<7,32e



� � &
©qA8��587)7)C>OP3

x ≥ 1
e��kL23<;

n ≥ 1
5<;>=

y < n ≤ x
e!£t;�ABEJ=>36E#i�ABE

y
�
n
�58;>=

x
H�A�N23�g�AB;27,3<g�CBHJI��B3qH�36E�O�7QIG;�58;�5<EJI�H*LBOS3`HJI4gF7938ÒDCy3<;>g�3B�8��3�EJ38ÒDC2IKEJ3

n − y = x − n = d
� Ü7&[Ý

i�ABE#7,ABOP3!EJ365<1b;BC>OSN23<E
d
e:�6IG;>g*3

x = n + y
�2��3�gJ58;�3�1GIGO�IG;256HJ3

x
IG;�Ü &`Ý�HJA�¤63`H

n − y = y = d
ew�¢L236;

2y = n
eF�6IK;>g�3

n
IG7#5@M>AB7)I�HJI��B3�IG;DH�3<¤63<EF5<;>=

0 ≤ y < 1
�H*LDIK7�38ÒDC>56HJIKAB;¿IG7/795�HJIK7*�k3<=¿AB;B1�?#��L23<;

n = 1
5<;>=

y = 1
2

eb�kLDC>7��`H*L23QAB;B1�?qMyAB7)7)IKNB1K3�D5<1RCy3�i�ABE
x
IG7

x = n + y = 1 + 1
2

= 3
2

e
Ü�N8Ý � 3U�:58;DH:H�Ah�y;>=

x
79A�H*LB56H

y
�

n
�#58;>=

x
5<EJ3�g*AB;27938g�CBHJI �B3�H�36E�O�7�IG;5�¤63<ABOS3`H�EJIKg:7,3<ÒBCy36;>g*32e�fw7:IG;hM258E�H:Ü45`Ý*�/��3S7,3<3PH*LB5�HqH*LDIK7@=2A23<7�;>A�H:LB58M2My36;�IRi

0 < x < 1
e��8A���3:5<797*C>OS3

x ≥ 1
e��kL23<;

n ≥ 1
58;>=

y < n ≤ x
e£t;�ABEJ=23<E>i�ABE

y
�
n
�`58;>=

x
H�AxN>3Fg*AB;27938g�CBHJI �B3�HJ3<EJOP7¢IG;q5#¤63<ABOS3`H�EJIKg¢7938ÒDCy3<;>g�3B���3:EJ3<ÒBC2IGEJ3

n

y
=

x

n
= r

� Ü � Ý
i�ABEw79ABOS3

r 6= 0
e��6IG;>g*3

x = n + y
�8��3:g�5<;S3�1GIGO�IG;256HJ3

x
IG;PÜ � Ý/H�A�¤63`H

n

y
= 1 +

y

n
= r

e Ü � Ý
©qA�HJ3�H*LB5�H

y
gJ58;2;>A�H¢N>3

0
�`7)IG;>g*3�H*LDIG7y��ADC214=xOP58�83

n/y
C>;>=>3��y;>3<=/e��8A

0 < y < 1
e�¢L236EJ36i�ABEJ3D�

n/y > n
58;>=

1 + (y/n) < 1 + (1/n) ≤ 2
Ü47*IK;>g�3

n ≥ 1
Ý9e��¢LDC>7`�

n <
n

y
= 1 +

y

n
≤ 2

e
�>CBH>��3Q�8;>A8� H*LB5�H

n
IG7/5QM>AB7)I�HJI��B3�IK;DHJ38¤636E`eb�kL23#AB;B1 ?qMyAB7)7)IKNBIR1GI�H�?x7)56HJIG7)iR?DIK;>¤

n < 2IK7
n = 1

e�83�H�HJIG;>¤
n = 1

IG;¬Ü � Ý*�y��3P¤63`H
1/y = 1 + y

�y��LDI4g)L�gJ58;¬N23�EJ3[�:EJI�H�H�36;¬5<7
y2 + y − 1 = 0

e �B?@H*L23�¥FC>58=2E�5�HJI4g �DABE�O�C21K5B�
y =

−1 ±
√

12 − 4(1)(−1)

2(1)
=

−1 ± √
5

2

e
�6IK;>g�3

y > 0
����3:O�C>7�HQLB5`�B3

y =
−1 +

√
5

2

e��kLDC>7��DH*L23�AB;B1�?�M>AB797*I4ND143x�D5<1RCy3:i�ABE
x
IK7

x = n + y = 1 +
−1 +

√
5

2
=

1 +
√

5

2

e
× e¢f�EJ38gJH�58;>¤`C21G58E/H�58;>�:LB5`�BIG;>¤�1K3<;>¤[H*L

60
g*O��6��IK=DH*L

60
g*O���5<;>=!L236IK¤6L�H

40
g*OÊIG7�>1R143<=@��IRH*L��:56HJ3<E�HJA�5@=23<MDH*LSADi

15
g*O¦58;>=�EJ3<7�HJ7�AB;P5@L2ABE�IRÑ)AB;DH�5<12HJ58NB1K3>e )<3�H

A
�

B
�
C
��5<;>=

D
IK;�g�?Bg�1GIKgwABEJ=>36E�N>3�H*L23qi�ADC>E�N2A�H�H�ABOÞg*ABEJ;>3<E�7QADi2H*L23�HJ5<;>�ke��6C>M2MyAB793H*LB56H/H*L23q3<=>¤63
BC

IG7�7*14A8��1 ?�E�56IK7938=�79A¿H*LB56H/H*L23q3<=>¤63
AD

EJ36OP56IK;27wAB;�H*L23�H�5�ND1432efw7#�:5�H�36E �yA8�:7qADCBH,�>H*L23�H�58;>��IG7xE�5<IG7,3<=SC>;DHJIR1¢H*L23�3<=>¤63
AB

O�5��8367q5<;�5<;>¤`143!ADi
60◦ ��I�H*L�H*L23:H�5�ND1432e��kL23�3<=>¤63 BC

IK7QH*L23<;S1KA8��3<EJ3<=PC>;DHJIR1¢H*L23:H�58;>��AB;>g*3@58¤�5<IG;EJ3<7�HJ7#AB;!H*L23¿H�5�ND1432ebf�H�H*LDIK7QM>ADIK;DH,�8��LB5�H�IK7wH*L23:=>36MBH*L�ADi>�:5�H�36E�IG;!H*L23¿H�58;>��Ô
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�������������������������� e¡bAB;27*I4=23<E�H*L23 7)I�HJC>56HJIKAB;m��L236;�H*L23hHJ5<;>��LB5<7N>3<3<;UE�56IK7938=S7,A�H*LB5�HFH*L23!38=2¤63

AB
OP58�83<7x5<;U58;>¤`1K3ADi

60◦ ��I�H*L�H*L23UH�5�ND1432e�£�iF�:5�H�36E@=BIK=hIK;>=2383<= 7)M2IR1G1i4EJABO H*L23&HJ5<;>����LDIR143�I�HÛ�:587�N>3�IK;>¤�E�5<IG7,3<=¢��H*L23�:56HJ3<EQ;>A8�ÊEJ3<58g)L23<7QH*L23@1K3,�B361bADi
EF

�B��L236EJ3
E
IK7�5H�ABMhg�ABE�;>36E�ADi�H*L23�HJ5<;>�¬ÜRH*L23Ug*ABEJ;>3<E¿58N>A6�B3

A
Ý�58;>=

F
IK7P5�MyADIG;DH�AB;

AB
��587P79L2A8�:;ÕIK; H*L23h=DIK58¤�E�58O¬e
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. 60◦

A

B

E F

Ü�©xA�H�3�H*LB5�H,�Q7*IK;>g�3�H*L23UHJ5<;>�hLB587�N23836;ÕE�56IK7938= N>3,?BAB;>=
45◦ � |AF | IG7!1436797�H*LB58;

|AE| = 40
�B58;>=�7)IG;>g*3 |AB| = 60

�BMyADIG;DH
F
=>A2367QIG;>=>3<38=!1GIK3:AB;

AB
e Ý�6IK;>g�3

EF
IK7QM258E�561G1K3612HJA@H*L23¿H�5�ND143qH�ABM¢�

∠EFA = 60◦ e��3<;>g�3B�
|AE| = |AF | tan 60◦ = |AF |

√
3
�ABE |AF | = |AE|/√

3 = 40/
√

3
e�¢L23��BAD1RC>OS3UADi��:5�H�36EqIG;�H*L23�HJ5<;>��56HxH*LDIG7�M>ADIK;DHqIK7�3<ÒBC>561�H�A�H*L23S5<EJ3<5UADi

4AEF
O�C21RHJIGM21RI43<=ÕN<?

60
g*O ÜRH*L23�=BIGOS36;27)IKAB;ÖADiQH*L23�H�58;>��M>3<EJMy36;>=BIKg�C21K5<E�HJA

4AEF
Ý)e��¢LDC>7`��H*L23x�BAD1GC>OP3:ADi2�:56HJ3<E�IG7 1

2
× 40 × 40√

3
× 60 = 48000√

3

g*O 3 e��kL23ABEJIK¤`IK;2561��BAD1GC>OP3¿ADiB�:5�H�36E�IG7
15 × 60 × 60 = 54000

g*O 3 �6��LDI4g)L�IG7F¤�EJ3656HJ3<E/H*LB58;
48000√

3

g*O 3 ex�kL23<EJ3�i�ABEJ3B�k79ABOS3��:5�H�36E#=>A2367�IK;>=2383<=U7)M2IR1G1¢i4EJABO¦H*L23:HJ5<;>�>�y58;>=PH*L23�BAD1GC>OP3�ADiyH*L23�EJ3<O�5<IG;BIK;>¤��:56HJ3<E�IK7 48000√
3

g*O 3 e
)<3�H

d
N>3:H*L23��y;2561/=>36MBH*LUADik�:56HJ3<EFIG;PH*L23:HJ5<;>�keq¡bAB;27*I4=23<E�IK;>¤¿H*L23:�BAD1RC>OS3ADi2�:56HJ3<E�EJ3<O�5<IG;BIK;>¤xIG;@H*L23qH�58;>�2�8��3�LB5`�B3

d × 60 × 60 = 48000√
3

�<��LDIKg)L@IKO�M21RI4367H*LB56H
d = 40

3
√

3

e��kLDC>7���H*L23¿�y;2561¢=23<MDH*LPADi>�:5�H�36E�IK;!H*L23qHJ5<;>��IK7 40

3
√

3

g*O�e
Ú e��6C>M2MyAB793xH*LB56H�H*L23¿MyAB7*IRHJI �B3xIK;DHJ38¤636E�7F58EJ3��:E�IRH�HJ3<;@IK;!579MBIKE�561<5<7/79L2A8�:;/ew«¢3�1K5�HJI��B3�HJA#H*L23F;BC>OSN23<E

1
�,��L236EJ3Q=>A2367H*L23P;BC>OPN>36E

2006
58M2My3658E�Ô�Ü �DABEq3)Ù<5<OPMB143D�

10
58M2My3658E�7AB;>3�C>;BI�HwC>M�58;>=!H���A@C>;BIRH�7FHJA@H*L23:E�I4¤6L�HFADi

1
e Ý

� � � & �� & � &9&� � � & �e6e�e &7� & �
�6������������� )�+�� �����
� ����� '5�>+���
���=#1'��!�����6�
��'� �)�����4
���.�!#1����'7� ���
�  "��#$��%!'$# )�+"�.-�'
'$#$�3�3��0 �¢L23P;BC>OSN23<E�7@AB;�H*L23S=BIG5�¤6AB;2561w¤6ADIG;>¤�C>M¬HJA�H*L23PEJIK¤6L�H�5<EJ3

1
�
9
�
25
�
. . .

���LDI4g)L�5<EJ3@H*L23�7,ÒDC>58EJ367�ADi�H*L23�A2=2=�MyAB7*IRHJI �B3!IG;DH�3<¤63<E�76e��kL23Pg�1KAB7,367*H�A2=>=�79ÒBC>5<EJ3H�A
2006

IK7
452 = 2025

e��6IG;>g*3
45 = 2 × 22 + 1

�¢��3P7,3<3�H*LB5�H
2025

1RI4367
22C>;BIRH�7�C>M!5<;>=

22
C>;BIRH�7�H�A¿H*L23xE�I4¤6L�H�ADi

1
e
�>CBH

2006
IK7�1KA2g�5�H�3<=

2025−2006 = 19MyAB7*IRHJIKAB;27#HJA�H*L23�143�iGH�ADi
2025

ex�¢L236EJ36i�ABEJ3D�>H*L23@MyAB7*IRHJIKAB;�ADi
2006

IG7
22
C>;BI�HJ7�C>M58;>=

3
C>;BIRH�7FHJA@H*L23:E�I4¤6L�HFADi

1
e

Î ekf �
	��$��0 '8!�
��0 IG7�5#M>56IKE
(x, y)

ADiDM>AB7)I�HJI��B3FIG;DH�3<¤63<E�7�7)Cyg)LxH*LB5�H
x+y

58;>=
xy
58EJ3N>A�H*L�My36EJi�3<gJH�7,ÒDC>58EJ367<e��DABE�3)Ù<5<OPMB143D�

(5, 20)
IK7�5¿79ÒBC>5<EJ3qM>56IKE�7*IK;>g�3

5+20 = 2558;>=
5 × 20 = 100

5<EJ3�N>A�H*L�My36EJi�3<gJHw7,ÒDC>58EJ367<e��8L2A8��H*LB56Hw;>A�7,ÒDC>58EJ3:M25<IGEF3*Ù8IG7*H�7IK;@��LDIKg)LPAB;>3:ADiyH*L23�;BC>OSN23<E�7QIK7
3
e

����������������������������! "��#$�&%('�#*)�+,�.-�'/'�#$������0 e�6C>M>M>AB7,3�H*LB56H
3
58;>=

x
g�AB;27*HJI�HJCBH�3!5�7,ÒDC>58EJ3!M>56IKE[e��¢L236;

3 + x = a2 5<;>=
3x = b2 i�ABE#79ABOS3@M>AB7)I�HJI��B3�IG;DH�3<¤63<E�7 a

58;>=
b
e¿�6IG;>g*3

3x
IG7x5!My36EJi�3<gJH�79ÒBC>5<EJ3B�

x
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O�C>7�HqN23�ADi�H*L23!i�ABEJO

3c2 i�ABE�79ABOS3!MyAB7*IRHJI �B3!IG;DH�3<¤63<E c
e!�6CyNB7*HJI�HJCBHJIK;>¤

x = 3c2IK;DHJA
3 + x = a2 �<��3:A2N�HJ56IK; 3(1 + c2) = a2 2<H*LDC>7`� 1 + c2 O�C>7�HFg�AB;DHJ56IK; 3

5<7Q5i45�gJHJABE`e � 3x��IG1R1y7,L2A8� H*LB56H�H*LDIG7FIK7Q;>A�HwM>AB797*I4ND1432e� L23<;���3U=DI��DI4=23
c
N<?

3
�/H*L23SEJ3<O�5<IG;>=>36E¿O�C>7�H�N>3
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ABC
58;>=

DBC
5<EJ3�g*AB;>¤�E�Cy3<;DH`e�DEJABO�H*LDIK7��3�g�AB;>g�1GCy=23�H*LB56H

AB = DB
58;>=

AC = DC
e )<3`H

AG
5<;>=

DG
N>3�H*L235<1�HJIRHJCy=23<7@H�A

BC
IG;hH�EJIG58;>¤`1K3<7

ABC
58;>=

DBC
�FEJ3<7)My3<gJHJI��B3�1�?be � 3¬g�5<;hH*L23<;iKC>E�H*L236E�g�AB;>g�1GCy=23PH*LB5�H

AG = AB sin β
58;>=

GD = CD sin γ = AC sin γ
e¡bAB;27938ÒDCy3<;DHJ1 ?¢�

AD = AG + GD = AB sin β + AC sin γ
e Ü &`Ý

£t; 4ACE
��3qLB5��B3

AC/ sin α = EA/ sin γ
�<i4EJABO���LDI4g)L:I�H�i�AD1G1KA8�:7�H*LB56H

EA = AC sin γ/ sin α
e/�6IKO�IG1G58E�1�?k�[IK; 4AFB

��3FLB5`�B3
AF = AB sin β/ sin α

e�6IK;>g�3
α + β + γ = π

����3:LB5`�B3
EF = EA + AF

�B5<;>=@��3:A2NDH�5<IG;
EF =

AC sin γ

sin α
+

AB sin β

sin α

e
ª#7)IG;>¤�38ÒDC>56HJIKAB;SÜ &`Ý*�8��3:g�AB;>g�1GCy=23¿H*LB56H

EF = AD/ sin α
e©qA8���bIRi

α = π/2
�bH*L236;

EF = AD
eS¡¢AB;��B3<E�79361 ?¢�bIRi

EF = AD
�¢H*L23<;

sin α = 1
����LDIKg)LP¤`I��B367

α = π/2
ÜK7)IG;>g*3

0 < α < π
Ý9e��¢LDC>7`�

EF = AD
IGi¢58;>=AB;B1�?!IGi

α = π/2
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n
√

x1x2 · · · xn

)α

≥ 2αn

����� �� 
α ∈ (−∞, 0) ∪ (1, ∞)
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¡bAB;27*I4=23<EQH*L23�7,3`HqADi�1K5�H�HJI4g�3�MyADIG;DHJ7 {(x, y)} ��L23<EJ3 x
5<;>=

y
5<EJ3!IK;DHJ38¤636E�77)Cyg)LUH*LB5�H

0 ≤ x ≤ 7
58;>=

0 ≤ y ≤ 7
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[XY Z]

eQ«¢3<g�561G12H*LB56H�i�ABE�5H�EJIG58;>¤`1K3q��I�H*L��B3<E�HJI4g�3<7
A(x1, y1)

�
B(x2, y2)

�B5<;>=
C(x3, y3)

�

[ABC] =
1

2

∣
∣
∣
∣
∣
∣

det





x1 y1 1
x2 y2 1
x3 y3 1





∣
∣
∣
∣
∣
∣

=
1

2

∣
∣x1y2 + x2y3 + x3y1 − x2y1 − x3y2 − x1y3

∣
∣
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P (a, b)
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Q(c, d)
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[PQO] = 1
2
|ad − bc| eq£t;SABEJ=>36Ei�ABE

[PQO]
HJAUN>3!5<;SIK;DHJ38¤636E,� |ad − bc| O�C>7*H�N23�3,�B3<;¢�k58;>=PH*L236EJ36i�ABEJ3D� ad
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bc
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�
c
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�
c
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�
2
�
3
�
4
�
5
�
6
�
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· 1

2
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2
· 1

2
= 1
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d
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b
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c
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a
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d
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�8�D561GCy36EÛ1G5�79ABOPOP3
S2006 =

2006∑

k=1

(−1)k k2 − 3

(k + 1)!

e �  Q; E�58M2My3�1G1K3�ÒDCy3
n! = n · (n − 1) · · · 3 · 2 · 1

2�M>5<EF3)Ù836OPMB143D�
6! = 6 · 5 · 4 · 3 · 2 · 1 = 720

e 	



�D�
�
�6������������� 8!��02»�'7�$��� � ��µ5�3#��/� �
��'7� �'$���6#$���$�!���	´(�6�Cµ�'�0�� �3� �'�� �.º��&� ��� � ���!�.0 �'������!��¶ e

0BADC>E
k ≥ 1

�B;>ADC>7#7)5��BAB;27#ÒBCy3
k2 − 3

(k + 1)!
=

k(k + 1)

(k + 1)!
− k + 1

(k + 1)!
− 2

(k + 1)!
=

1

(k − 1)!
− 1

k!
− 2

(k + 1)!

=

(
1

(k − 1)!
− 1

(k + 1)!

)

−
(

1

k!
+

1

(k + 1)!

) e
0D58E�OP5<;BIKMBC21K5�HJI4AB;27Q5<1K¤.$38NBEJIKÒBCy367��2AB;PA2N�HJI436;DH �
S2006 =

2006∑

k=1

(−1)k k2 − 3

(k + 1)!

=

(
2006∑

k=1

(−1)k

(k − 1)!
−

2006∑

k=1

(−1)k

(k + 1)!

)

−
(

2006∑

k=1

(−1)k

k!
+

2006∑

k=1

(−1)k

(k + 1)!

)

=

(

−1 + 1 +

2006∑

k=3

(−1)k

(k − 1)!
−

2004∑

k=1

(−1)k

(k + 1)!
+

1

2006!
− 1

2007!

)

−
(

−1 +
2006∑

k=2

(−1)k

k!
−

2005∑

k=1

(−1)k+1

(k + 1)!
+

1

2007!

)

=
(

1

2006!
− 1

2007!

)

−
(

−1 +
1

2007!

)

=
1

2006!
− 2

2007!
+ 1 =

2007 − 2

2007!
+ 1 =

2005

2007!
+ 1
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λ > 0
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θ
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λ = tan θ
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∠BAC = ∠ABC = θ
eq�¢L236;SH*L23�3*Ù<HJ3<E�I4ABEQ58;>¤`1K3�ADi 4ABC

56Hw�B36E�HJ3)Ù
C
LB587OS36587*C>EJ3

2θ
�B5<;>=!H*L23:7*14ABM>3:ADiyH*L23:EJ3%�k3<gJH�3<=�E�5�?!IK7wH*LDC>7

tan 2θ =
2 tan θ

1 − tan2 θ
=

2λ

1 − λ2
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Ü�£�i�H*L23S7)1KABMy3UADi�H*L23SO�IGE�EJABEqIG7

1
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��IG;>=¬5SÒBC>58=2E�5�HJI4g¿MyAD1 ?2;>ABO�IK561
f(x)

7)Cyg)LUH*LB5�H,�/IRi
n
IG7�5SM>AB7)I�HJI��B3!IK;DHJ38¤636Eg*AB;27*IK7�HJIK;>¤!ADi/H*L23�=BIK¤`IRH

5
EJ3<M>3<5�H�3<=

k
HJIKOP3<7`�yH*L23<;

f(n)
g�AB;27)IG7*H�7¿ADi�H*L23�=DI4¤`I�H

5EJ3<M>3<5�H�3<=
2k
HJIGOS367<e�Ü �DABEF3*Ù<58O�M21K3B�

f(555) = 555555
e Ý
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)<3�H
f(x) = ax2 + bx + c

exª#7*IK;>¤¿H*L23!¤`I �B3<;PIK;Bi�ABEJOP5�HJI4AB;���3@A2NDH�5<IG;PH*L23i�AD1G1KA8��IK;>¤q7�?27�H�36O¦ADik1GIG;>3<5<EF3<ÒBC>5�HJI4AB;27��
f(5) = 25a + 5b + c = 55

�
f(55) = 3025a + 55b + c = 5555

�
f(555) = 308025a + 555b + c = 555555

e
�8AD1��DIK;>¤xH*LDIG7#7�?B7*HJ3<O��8��3:=>3`H�36E�O�IK;>3¿H*LB5�H,�

a = 9
5

�
b = 2

�B58;>=
c = 0

e��kLDC>7��
f(x) = 9

5
x2 + 2x = x

(
9
5
x + 2

) e
©qA�HJ3¿H*LB5�H5�
55 · · · 55
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k § 3 685�� = 5
(
1 + 101 + 102 + · · · + 10k−1

)
= 5

(
10k − 1

9

)

= 5
9

(
10k − 1

) e
� 3�gJ58;�;>A8� �B36EJIRiR?PADC>Ew38ÒDC>56HJIKAB;(�
f
(
5
9
(10k − 1)

)
=

(
5
9
(10k − 1)

) [
9
5

(
5
9
(10k − 1)

)
+ 2

]

= 5
9
(10k − 1)(10k + 1) = 5

9
(102k − 1) = 55 · · · 55

︸ ︷︷ ︸

2k § 3 685��
e
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16·15·14 = 6
35

e� 3�gJ58;U5�gJHJC>561G1 ?�g*ABO�M2CBHJ3!M>EJA2NB5�NDIG1RIRHJIK3<7x56H�365�g)LS7*H�5�¤63!ADi/H*L23�gJ5<1Kg�C21K5�HJI4AB;IK;27�H�365�=�ADi��:56IRHJIG;>¤QC>;DHJIR1�H*L23x36;>=/e/�¢L23�M>EJA2NB5�NDIG1RIRHt?�ADi2MB1K58g�IK;>¤FH*L23#�yE�7�HbH���A:g�ADIK;27IK;!=BIRß/36EJ3<;DH�EJA8�:7�58;>=!g*AD1RC>OP;27�IG7 16·9
16·15 = 3

5

e���I��B36;�H*LB5�H�H*L23x�yE�7�H/H���A@g*ADIG;27w58EJ3IK;�=BIRß/36EJ3<;DH�EJA8�:7x58;>=�g*AD1RC>OP;27`�>H*L23!M>EJA2NB5�NDIG1RIRHt?�ADi�MB1K58g�IK;>¤�H*L23@H*LDIGEJ=�g*ADIG;UIG;�5=BIRß/36EJ3<;DHqEJA8� 5<;>=�g�AD1GC>O�;�i4EJABO 365�g)L�ADi�H*L23��yE�7�H�H���ASIK7 4
14

= 2
7

ÜK7)IG;>g*3!H*L236EJ358EJ3
4
58g*g�3<MDHJ58NB1K3:7,ÒDC>58EJ367�ADCBHFADi

14
ABMy36;P79ÒBC>5<EJ3<7JÝ9e��kL23:M>EJA2NB5�NDIG1RIRHt?PADi¢M21G5�g�IG;>¤5<1R12H*LBEJ383�g�ADIK;27FIG;P=BIRß/36EJ3<;DHwEJA8�:7Q58;>=�g*AD1RC>OP;27FIK7wH*L236; 3

5
· 2

7
= 6

35

e
�6��������������	� �kLDIK7wHJIKOP3B�8��3:EJ3<¤�58EJ=!H*L23�g�ADIK;27Q587FIK;>=DIK7�HJIK;>¤`C2IG7,LB58NB1K3>e � 3q��IR1G1>�>;>=H*L23�;BC>OSN23<EFADi¢g�AB;B�k¤`C>E�5�HJI4AB;27Fi�ABE�H*L23:g*ADIG;27FIG;@��LDIKg)L@H*L23:g�ADIK;27F58EJ3¿IG;�=BIRß/36EJ3<;DHEJA8�:7F58;>=�g*AD1RC>OP;276e��kLDIK7Qg�ADC214=�N>3�=2AB;>3:N<?@C>7)IG;>¤¿ADC>E�g*ADC>;DHJIG;>¤qOS3`H*L2A2=@i�ABE�H*L23g�5<7,3x��L23<EJ3qH*L23�g*ADIG;27Q58EJ3:=BIG7*HJIG;>¤`C2IK79LB5�ND143�58;>=!H*L236;S=DI��DI4=DIK;>¤�N<?

3!
�2NBCBHFL23<EJ3�IG75¿�:5`?!HJA�g�ADC>;DH�H*L23:g*AB;B�y¤`C>E�56HJIKAB;27�=DIKEJ3<gJHJ1�?!IK;27�H�365�=be

��IGE�7*H,�BMBI4g)��H*L23
3
EJA8�:7FIG;@��LDI4g)L@H*L23�g�ADIK;27���IR1G1kN23:MBCBH`e��¢L236EJ3:58EJ3 (4

3

)
= 4�:5�?B7¿HJA¬=>AUH*LDIG7<e�£t;�H*L23�HJABM>OPAB7*HxEJA8�ÓADi�H*L23<793

3
EJA8�:7`�bH*L236EJ3P58EJ3

4
MyAB7)7)IKNB1K37,ÒDC>58EJ367@i�ABE�5�g�ADIK;/eÕ£t;�H*L23UO�IK=>=D143UEJA8�ÃADi�H*L23<793UEJA8�:7���H*L23<EJ3U58EJ3

3
MyAB7)7)IKNB1K37,ÒDC>58EJ367�i�ABE�5�g*ADIG;hÜ47*IK;>g�3SI�H:g�5<;¢  H:N>3PIK;¬H*L23U7)58OP3�g�AD1GC>O�;�587�H*L23�g�ADIK;�IG;�H*L23H�ABM2OSAB7�H�EJA8�qÝ)ew£t;:H*L23qN>A�H�HJABO�EJA8� ADiBH*L23<793xEJA8�:7��6H*L23<EJ3x58EJ3

2
M>AB797*I4ND143x79ÒBC>5<EJ3<7i�ABE¿5�g*ADIG;hÜK7)IG;>g*3PI�H:gJ58;¢  H:N>3PIG;¬H*L23S795<OS3Sg*AD1RC>OP;�5<7@3�IRH*L236E�ADi�H*L23UA�H*L23<ExH���Ag*ADIG;27�Ý)e��¢LDC>7`��H*L23<EJ3�58EJ3

4 · 4 · 3 · 2 = 96
g�AB;B�k¤`C>E�5�HJI4AB;27FIK;���LDI4g)L!;>A@H���A�g�ADIK;2758EJ3¿IK;!H*L23:7)58OP3�EJA8��ABEwg*AD1RC>OP;/e

��IG;25<1R1�?k��H*L23�EJ38ÒDC2IKEJ3<=PM2EJA2N258NBIR1GI�H�?!IK7 96
560

= 6
35

e�¢LDIG7¿M2EJA2NB1K3<OÃLB587q58;UIG;DH�36EJ3<7�HJIK;>¤!LDIG7*HJABEt?/e¿�¢L23!IG;BIRHJIG5<1y�B3<E�7*I4AB;�5<7,�83<=SH*L23795<OS3QÒBCy367*HJIKAB;qi�ABE
3
g*ADIG;27�AB;¿5

5×5
¤�E�I4=be�Ü4¡¢5<;x?BADC�79AD1��B3�H*LDIG7¢�B36E�7)IKAB;>Ô�Ý �wC>E�IK;>¤H*L23q=23,�B361KABM>OP3<;DH�ADi�H*L23 �����D� ��Cyg�1GIK=�¡bAB;DHJ3<7�H,�6H*L23�M>EJA2ND1436O&�:5<7�g)LB5<;>¤638=�HJA¿H*L23i�AD1G1KA8��IK;>¤qM>EJA2ND1436OÓN236i�ABEJ3�N236IG;>¤�g)LB58;>¤63<=SNB5�g)��H�A!I�HJ7#ABE�I4¤`IG;25<1>i�ABEJO ��¢LBEJ3<3 #$� � '70 '7�(� ;BC>OSN23<E�7#58EJ3:g)L2AB7,36;�i4EJABOÞH*L23�7,3`H

{11
�
12
�
13
�
14
�
21
�
22
�
23
�
24
�
31
�
32
�
33
�
34
�
41
�
42
�
43
�
44} e� LB56H�IK7:H*L23�M>EJA2NB5�NDIG1RIRHt?�H*LB5�H�;>A¬H���AhADiFH*L2367,3�;BC>OPN>36E�7�LB5��B3SH*L23795<OS3¿C>;BI�HJ7#=BIK¤`IRHFABE�H*L23:7)58OP3qH�36;27�=DI4¤`I�H*Ô�¢LDIG7!M>EJA2ND1436O 7,3<3<OP38=hÒBC2I�H�3�5U14A�H�LB5<EJ=>36E�H*LB5<;�H*L23�M2EJA2NB1K3<O ��I�H*L¬H*L23�g�ADIK;27`���LDI4g)L!IK7Q7�H�E�58;>¤63D�B587FI�H�IK7Q58gJHJC>5<1R1�?@H*L23�795<OS3�M2EJA2NB1K3<O $�¡¢5<;@?BADCS79383x��L8?2ÔØ�ADC!O�IK¤6L�H�1GIK�83�HJA:H�Et?@79AD1��DIK;>¤�5¿OPABEJ3¿¤63<;>36E�5<12M>EJA2ND1436O���L23<EJ3
k
g*ADIG;27w58EJ3M21G5�g�38=PAB;�5<;

n × n
¤�EJIK=PÜ���IRH*L

k ≤ n
�2ADibg�ADC>E�7,3[Ý9e

� |��.�>eÛ�kL23�5<CBH*L2ABEq��IG7,L2367:H�A�58g)��;>A8��1K38=2¤63SH*L23�g*AB;DH�E�I4NDCBHJI4AB;27!ADi �yEJCyg�3¡¢EJADi�A2A�H,�8fw7)7,A2g�IG56HJ3 �2=DIRHJABE,�DIG;!H*L23:M2EJ3<M258E�5�HJI4AB;PADiyH*LDIK7#g�AD1GC>O�;/e
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�ÛAB7*HwADikC>7F143658EJ;>38=�5�N2ADCBHF¤�EJ3656HJ3<7�HFg*ABO�OSAB;�=BI �BIG7,ABE�7#Ü
gcd

  7�Ý/IG;P361K3<OP3<;>�HJ5<Et?�79g)L2A2AD1D��L236;���3q�yE�7�H�143658EJ;>38=!5�N2ADCBH�M>E�IKOP3¿;BC>OSN23<E�7Q5<;>=�M2EJIGOS3qi458gJH�ABE�IRÑ*58�HJI4AB;276e�Ü�«¢3<OP3<OPN>36EQH*L2AB793@M>E�IKOP3@i45�gJHJABEJI�Ñ*56HJIKAB;�H�EJ38367,Ô�Ý � 3@C>7938=U¤�EJ3<5�H�367*H�g�ABOS�OSAB;U=BI �BIG7,ABE�7�58¤�5<IG;���L23<;���3:143658EJ;>38=�HJAP5�=2=Pi4E�58gJHJI4AB;276ex�6IG;>g*3:H*L236;¢�kL2A8��3,�B3<E9���3�LB5`�B3¿M>EJA2NB5�ND1�?@i�ABEJ¤6A�H�H�36;�OPAB7*H�ADiB��LB56H/��3q1K3<5<E�;>3<=�$��3<EJ3qIG7w5�EJ3�i4EJ3<79L23<E�AB;
gcd

  7#5614AB;>¤#��IRH*L�79ABOS3�EJ3�1K5�H�3<=PgJ5<1Kg�C21K5�HJI4AB;27Q5<;>=�OP5<;BIKMBC21K5�HJI4AB;276e
�s���"3� ���R|<"/e#£�i

a
58;>=

b
58EJ3�IK;DHJ38¤636E�7QH*LB56HF5<EJ3�;>A�HQN>A�H*L

0
�BH*L23 4�0 '7����'7��� � �� � "���

#$�>µ5���7��0 ADi
a
58;>=

b
��=>36;>A�H�3<=

gcd(a, b)
�#IG7�H*L23¬1G58EJ¤6367*H@MyAB7*IRHJI �B3¬IG;DH�3<¤63<E�H*LB5�H=BI �BIK=>367�3*Ù<5�gJHJ1 ?!IK;DHJA�N>A�H*L

a
58;>=

b
e£t;UA�H*L23<E���ABEJ=B7��

gcd(a, b)
IG7QH*L23@¤�EJ3<5�H�367*HQADi/561G1>H*L23@g*ABO�OSAB;S=BI �BIG7,ABE�7�ADi

a
5<;>=

b
e�Ü �QAB;¢  Hw?BADCP��IK79L�H*LB5�H#5<1R1bOP5�H*L23<O�56HJIKg�561�=236�>;BIRHJIKAB;27xOP58=>3:H*LDIK7xO�Cyg)L7,36;27,3<Ô�Ý��2A�36OPM>LB587*IRÑ)3D�

d
IK7w5 #$�>µ5���7��0 ADi

a
IGi

d
=BI �BIK=>367Q3*Ù<5�gJHJ1 ?@IG;DH�A

a
ÜRH*LB56H�IG7��8IRi

a = qd
i�ABEy7,ABOP3wIG;DH�3<¤63<E

q
Ý9eb�2A#HJI4=8?xC>M¿5w14A2AB793F36;>=¢�,��3w795`?#H*LB56H

gcd(0, 0) = 0
eÜ�©xA�HJI4g�3!L236EJ3:H*LB5�HwH*L236EJ3�IG7�;>A�H,�2IG;Pi458gJH,�>5�1K5<EJ¤63<7�HQM>AB7)I�HJI��B3�IK;DHJ38¤636EwH*LB5�H#=DI��DI4=23<7IK;DHJA�N2A�H*L

0
5<;>=

0
��7*IK;>g�3U3,�B36Et?�M>AB7)I�HJI��B3�IK;DHJ38¤636E�=BI �BIK=>367:IG;DH�A

0
e��¢LDIG7�OS3658;27H*LB56Hb��3¿3�IRH*L236E�;>3<38=:H�A:IK¤�;>ABEJ3�H*LDIG7FgJ58793¿36;DHJIKEJ3�1�?k�DABEb��3x;>383<=:H�A�7)5�?�7,ABOP3�H*LDIG;>¤79M>38g�IG5<1kL236EJ3B�B587���3:LB5��B3:=>AB;>32e Ý

s�6}����B}n����G|%"�5Be,��IG;>=BIG;>¤�H*L23
gcd

ADi�5QM>56IKE¢ADi8IK;DHJ38¤636E�7/IK7/;>A�HyHJ3<EJEJIKNB1 ?�=DI��Sg�C21RH>��L23<;H*L23QIK;DHJ38¤636E�7�58EJ3#7)OP561G13�
gcd(2, −4) = 2

�
gcd(3, 5) = 1

�<5<;>=
gcd(−13, 1) = 1

e£4HQIK7Q��ABE�H*LS;>A�HJIK;>¤�H*LB5�H
gcd(a, 0) = a

IGi
a
IG7xMyAB7*IRHJI �B3@58;>=

gcd(a, 0) = −a
IGi

a
IK7#;>38¤�5�HJI��B32e#ÜG�¢L2AB793@ADiy?BADC�g�ABO�i�ABE�HJ58NB1K3¿��I�H*LP58N279AD1GCBHJ3¿�D561GCy367xgJ58;Sg*AB;>=23<;2793H*LDIK7�H�A

gcd(a, 0) = |a| e ÝFf�1G7,Ak� gcd(b, 1) = 1
i�ABE�3,�B3<Et?@IG;DH�3<¤63<E

b
e�¡¢5<;:?BADC�7,3<3��L8?!H*L23<793¿i�ABE�O�C21K5<7#5<EJ3¿H�E�Cy3�i4EJABO�H*L23�=>3��y;BI�HJI4AB;>Ô� LB56HwLB5<M>M>3<;27wIGi>H*L23qIG;DH�3<¤63<E�7F58EJ3q1K5<EJ¤638Ô �DABE�3)Ù<5<OPMB143D�D7)C>M2MyAB793x��3��:5<;DHH�A¿gJ5<1Kg�C21K5�H�3

gcd(1977, 2007)
e¢Ø�ADC>Ek�>E�7*HkIG;27*HJIG;>gJH¢O�IK¤6L�HbN>3wHJA�H�Et?xH�Axi458gJH�ABE

197758;>=
2007

HJA:�>;>=:H*L236IGE�M>AB7)I�HJI��B3q=DI��DIK79ABE�7��6H*L236;�g�ABOPM258EJ3�1GIG7*H�7�H�A��y;>=:H*L23�1K5<EJ¤63<7�HADi¢5<1R1kg*ABO�OSAB;P=DI��DIK79ABE�7<e
)<3�H,  7FH�Et?@H*LDIK76e
��IGE�7*H,�

1977 = 3 × 659
e�f�iGHJ3<Ex5SNBI�H¿ADi�M>56IK;BiKC21/H�EJIG5<1�5<;>=�36E�EJABE9�¢��3��>;>=H*LB56H

659
5<M>M>3<5<E�7/H�A�N23#5�M>E�IKOP3#;BC>OPN>36E`e�Ü ��A8��=>A���3��8;>A8�ÕH*LB56H

659
IG7�M>E�IKOP38Ô�¢LB5�H,  7F5�7*CyN 1t3<gJH�i�ABE�58;>A�H*L236E#0D58E�58¤6AB;�$ Ý��¢LDIG7�H�3�1G1G7�C>7�H*LB56H�H*L23¿MyAB7*IRHJI �B3�=DI��DIK79ABE�7ADi

1977
58EJ3

1
�
3
�
659

�B58;>=
1977

e©q3*Ù<H,�
2007 = 3 × 669 = 3 × 3 × 223

eUfF¤�56IK;¢��56iGH�36E¿5�NDIRH�ADi��>5<IR1GIG;>¤58EJADC>;>=k�y��3�=DIK79g*A6�B3<EFH*LB56H
223

IK7qM2EJIGOS3=2bL236;>g*3D�yH*L23�M>AB7)I�HJI��B3�=DI��DIK79ABE�7¿ADi
200758EJ3

1
�
3
�
9
�
223

�
669

�25<;>=
2007

e�¢L236EJ36i�ABEJ3D�8H*L23¿M>AB7)I�HJI��B3¿g�ABOPOPAB;�=DI��DIK79ABE�7FADi
1977

5<;>=
2007

58EJ3
1
58;>=

3
���LDI4g)L!IKO�M21RI4367wH*LB5�H

gcd(1977, 2007) = 3
e



�D�<�
�¢LDIG7¿OS3`H*L2A2=P��ABE*�87qEJ3<5<7,AB;258NB1 ?P��361R1��¢NBCBH�I�HF��ADC214=�N>3�M2EJ3�H�Ht?¬¤�E�Cy3<79ABOS3IGi

1977
58;>=

2007
��36EJ3�3<58g)LP3�I4¤6L�HQ=DI4¤`I�HJ7Q1KAB;>¤¿IG;27*HJ3<58=PADi/AB;B1 ?�i�ADC>E,�>ABE�IRikH*L236EJ3��3<EJ3@;>APEJ3<58=BIR1�?S5<M>M258EJ36;DH#79O�5<1R1bM2EJIGOS3�i458gJH�ABE�76e � 3@g�5<;�g�CBH�=2A8�:;�ADC>E���ABE���5NBI�H#N<?�14A2A2�<IK;>¤:=DIKEJ3<gJHJ1�?P5�HwH*L23�M2EJIGOS3:i458gJH�ABE�IRÑ*5�HJI4AB;27QIG;27*HJ3<58=SADib1RIK7�HJIK;>¤:=DI��DIK79ABE�7��NBCBHFH*LDIG7x7�HJIG1R1¢EJ38ÒDC2IKEJ367qg�5614g�C21G56HJIG;>¤�H*L23@M2EJIGOS3:i45�gJHJABEJI�Ñ*56HJIKAB;27��D��LDIKg)Lk�y587#IRHwHJC>EJ;27ADCBH,�DIK7Q5q�B3<Et?�=>36OP5<;>=BIG;>¤�M>EJA2ND1436OÓg�ABOPMBCBHJ5�HJI4AB;2561G1 ?/e�¢L236EJ3�IK7Q5�N>3`H�H�36E��:5`?¢�8��LDIKg)L@HJ58�83<7Q5�=8�D58;DH�5�¤63�ADi>H*L23�i�AD1R14A8��IG;>¤qi458gJH5�

�� 8 ��0:���$�!� ���=�>��� � � £�i
a
�
b
�
q
�B5<;>=

r
5<EJ3�IG;DH�3<¤63<E�7w��I�H*L

a = qb + r
�H*L23<;

gcd(a, b) = gcd(b, r)
e

�¢LDIG7�i45�gJH¢IK7�;>A�Hb5<1R1<H*LB5�HbIG;DHJC2IRHJI �B3�ÜK1KA�HJ7�ADiD;BC>OSN23<EkH*L238ABEt?:N>A2A2�87�g�AB;DHJ56IK;:5�M2EJA2ADi��IGi�?BADCb  EJ3�IG;DH�36EJ3<7�H�3<=�Ý���NBCBH¢��3xg�5<;:C>7,3QH*LDIG7�i45�gJH¢H�A�=2Aq��LB5�H�O�56H*L236OP5�HJI4g�IG58;27�1KA<�B3H�A�=2A!�2HJ58�83#5�M2EJA2NB1K3<O&58;>=qHJC>EJ;�I�H¢IK;DHJA¿5�7)OP561G1K3<EbÜ4ABEb7)IGOPMB1436E�ÝyAB;>3>e ��3<EJ3D  7�L2A8�,�

2007 = 1(1977) + 30 ==⇒ gcd(2007, 1977) = gcd(1977, 30)
1977 = 65(30) + 27 ==⇒ gcd(1977, 30) = gcd(30, 27)

30 = 1(27) + 3 ==⇒ gcd(30, 27) = gcd(27, 3)
27 = 9(3) + 0 ==⇒ gcd(27, 3) = gcd(3, 0)

�BAD1R14A8��IG;>¤xH*LBEJADCy¤6L�H*LDIG7�g)LB5<IG;¢�
gcd(2007, 1977) = gcd(3, 0)

����LDIKg)LP38ÒDC>5<1G7
3
eÜ � 3�g�ADC214=:LB5`�B3#7*HJABM>M>38=:3<5<EJ1RI436Ey��L236;q��3Q795`�m5

gcd
H*LB5�Hk�:5<7�3<5<7�?qH�A�gJ5<1Kg�C21K5�H�3D�NBCBH�I�HF=2A23<7);¢  HFLDC>E�H�H�A��83836MS¤6ADIG;>¤qC>;DHJIG1B��3:¤63`Hw5

0
e Ýq¡¢5<;@?BADC�H�3�1G1D��LB56H���3�=BIK=56H/365�g)L¿7*HJ3<M>Ôqf�H/3<58g)L¿7*HJ3<M¢�`��3wH�A2A2�xADCBHb5<7�O�58;�?�g*ABMBI4367�ADi8H*L23Q79O�5<1R1436E¢;BC>OSN23<E587���3¿g*ADC21K=!i4EJABOÊH*L23q1G58EJ¤636E�;BC>OSN23<E9�B58;>=�=23�HJ3<EJO�IG;>38=���LB5�H/�:587w1K36iGH�A6�B3<E[e�Ü�£t;H�3<g)LB;BI4gJ5<1¢H�36E�O�7��2��3!My36EJi�ABEJOS3<=SH*L23 �wI �BIG7)IKAB;�f�14¤6ABE�IRH*LBO 7,3,�B36E�5<1¢HJIKOP3<7`�¢g�5614g�Cy�1K5�HJIK;>¤�H*L23!EJ3<O�5<IG;>=>36E�5�H�3<58g)LU7�HJ58¤63>e Ý  ��B36E�5<1R1��>H*LDIG7qOP3�H*L2A2=�ADi�g�5614g�C21G56HJIG;>¤:H*L23

gcd
IG7QgJ5<1R143<=@H*L23 �DCyg�1RI4=23<5<;�f�14¤6ABE�IRH*LBO¬e��>Et?@H*LDIG7F5<1K¤6ABEJI�H*LBO AB;

6540
58;>=

1236
eÜ �wIK=@?BADCS¤63�H

12
587�?BADC>E�58;27J��3<E�Ô�Ýf�iGH�36E�?BADCP¤63�Hwg�ABO�i�ABE�HJ58NB1K3x��I�H*L�H*LDIK7FOP3�H*L2A2=k�8?BADC�O�5�?!;>A�HJI4g�3qH���A�HJIGOS3<�795`�BIG;>¤qi�3<5�HJC>EJ3<76e��kL23��>E�7*H�IK7wH*LB5�H�?BADCS=>AB;¢  HQLB5`�B3¿HJA��:E�IRHJ3:561G1yADiyH*L23�3<ÒBC>561GI�HJI4367ADi

gcd
  7Q=>A8�:;@H*L23¿EJIK¤6L�H�7)IK=>3��ÛH*L23<793���IG1R1>5<1 �:5�?B7QN23qH�E�Cy3B�D7,A���3�g�5<;�EJ361G56HJ3qH*L23

gcd
ADi�H*L23UABE�I4¤`IG;25<1�;BC>OPN>36E�7:HJA�H*L23

gcd
ADi�H*L23P�y;2561�;BC>OSN23<E�7@=BIGEJ38gJHJ1 ?/e��kL237,3<g*AB;>=�NDC2IG1K=27FAB;@H*L23x�yE�7�H��ÛH*L23

gcd
��IG1R125�gJHJC>561G1 ?!561��:5`?27FN23xH*L23q�>;25<12;>AB;>��Ñ)36EJAEJ3<O�5<IG;>=>36E�IK;!H*L23qf�1K¤6ABEJI�H*LBO�e�Ü�¡k58;@?BADCP7,3<3q��L8?2Ô�Ýj�&"3���<�B}n����G|%"�5Be!�kL23<793�OS3`H*L2A2=27�793836OÈHJAS��ABE��SEJ365<1R1�?P��361R1�i�ABEx;BC>OPN>36E�7��k?BADCOP5`?q7)5�?k�6NDCBHbgJ58;:£�C>793�H*L236O IK;q5FOSABEJ3w5�NB7*H�E�58gJHk793�H�HJIG;>¤��`1RI4�83���LB56HkO�I4¤6L�Hk5<M>M>3<5<EIK;�5�g*AB;DHJ3<7�HwM>EJA2ND1436OSÔ

��C>;2;�?�?BADC�7,L2ADC21K=@5879��e�e6e�e��:36EJ3xIK7�H*L23#�B3<Et?��yE�7�H�M>EJA2ND1436O�i4EJABO�H*L23#�B36Et?�yE�7�H#£t;DH�36E�;25�HJI4AB;2561��h56H*L236OP5�HJI4gJ5<1* F1 ?2O�M2IG5�=!IK; &<� � �1�
� 0 �1)���'� �� � eÞ0>EJA6�B3�H*LB5�H�H*L23¬i4E�58gJHJI4AB; 21n + 4

14n + 3

IK7�IGE�EJ3<=BCyg�IKNB1K3¬i�ABE3,�B3<Et?�;256HJC>E�561k;BC>OSN23<E
n
e

��H�36M:AB;>3#L23<EJ3D�6587bIK;¿5<;�?¿M>EJA2ND1436O���IG7¢H�Ax�y¤`C>EJ3�ADCBH>��LB5�H¢I�HkIK7/EJ365<1R1�?q5879�8IG;>¤Be�¢LDIG7#M>EJA2ND1436OÓg�5<;SN>3:EJ367*H�56HJ38=�5<7	�<0>EJA6�B3¿H*LB56H
gcd(21n + 4, 14n + 3) = 1

i�ABE



�D� �
3,�B3<Et?P;256HJC>E�561¢;BC>OSN23<E

n �
ÜK7)IG;>g*3:5�i4E�58gJHJI4AB;�IK7QIGE�EJ3<=BCyg�IKNB1K3�IRi¢IRH�7#;BC>OS36E�56HJABEQ5<;>==>36;>ABO�IG;256HJABEFLB5��B3�;>A�g*ABO�OSAB;�i458gJH�ABE�7JÝ9e� 3¿H�Et?@H�A!OSA2=2361kADC>EwOP3�H*L2A2=!i4EJABO¦58N>A6�B3��

21n + 4 = 1(14n + 3) + (7n + 1)
�

14n + 3 = 2(7n + 1) + 1
�

7n + 1 = (7n + 1)(1) + 0
e

�¢LDC>7`�
gcd(21n +4, 14n +3) = gcd(14n +3, 7n +1) = gcd(7n +1, 1) = 1

�587���3x�:58;DHJ38=be��8Ak�8��3:gJ58;�5�=B58MDH�H*LDIK7QOP3�H*L2A2= $fw;>A�H*L23<E�i45�gJH�H*LB5�HFg�5<;PN>3�ÒDC2IRHJ3�LB5<;>=�?!�
�� 8 ��0:���$�!� �$�6�>� �7	 ��£�i

gcd(c, b) = 1
��H*L236;

gcd(ac, b) = gcd(a, b)
e

�¢LDIG7bi45�gJHyIK7b5�gJHJC>561G1 ?xC>7,3�iKC216IK;¿N>A�H*L¿=DIKEJ3<gJHJI4AB;27 � IRHk561G1KA8�:7¢C>7¢H�Aqg*AB;��B36E�H
gcd(a, b)H�A

gcd(ac, b)
Ü4561RH*L2ADCy¤6LhI�H:IG7�;>A�H:IGOPOP38=DIK5�H�3�1�?ÛA2N<�BIKADC>7���L8?¬��3S��ADC21K= 3,�B36E�:58;DHbH�A�=2A¿H*LDIK7JÝ*�85<;>=:IRH�561G1KA8�:7�C>7�H�A�g�AB;��B3<E�H

gcd(ac, b)
H�A

gcd(a, b)
e��kLDIK7�i45�gJHIK7QOPABEJ3�IG;DHJC2IRHJI �B3 �ÖgJ58;@?BADCS3)Ù8M21G5<IG;�IRH�H�A�?BADC>E�79361Ri�Ô� 3:;>A8� H�Et?�5:7,3<g*AB;>=�M>EJA2ND1436O �

� 0 �1)���'� �&	 eÞ0>EJA<�B3�H*LB56H
gcd(n2, 2n + 1) = 1

i�ABE@5<;�?Õ;25�HJC>E�5<1;BC>OSN23<E
n
e

 FC>E�IG;BIRHJIG5<1DIG;27*HJIG;>gJH�IK7�H�A�H�Et?:H�A:C>793�H*L23q58N27�H�E�5�gJHb�B3<E�7*I4AB;!ADiBH*L23 �DCyg�1RI4=23<5<;:f�1K¤6A2�EJI�H*LBO��>NBCBHwIRH�IK7w�B36Et?S=BI �Ug�C21�H�H�A�O�5��83
2n + 1

¤6A�IG;DH�A
n2 ��I�H*L2ADCBHwIG;DH�EJA2=BCyg�IG;>¤i4E�5�gJHJIKAB;27<e��kLDIK7FIG7���L23<EJ3@£tOPM>ABE�H�58;DH ��5�gJH�� � g�5<;PN>3¿C>7938=!�b7)IG;>g*3

2n + 1
IG7#A2=>=k�H*L23<;

gcd(2n + 1, 2) = 1
e��¢LDC>7`�

gcd(n2, 2n + 1) = gcd(2n2, 2n + 1)
Ü47*IK;>g�3

gcd(2n + 1, 2) = 1
Ý

= gcd(−n, 2n + 1)
Ü47*IK;>g�3

2n2 = n(2n + 1) + (−n)
Ý

= gcd(n, 2n + 1)
Ü47*IK;>g�3

gcd(−1, 2n + 1) = 1
Ý

= gcd(n, 1)
Ü47*IK;>g�3

2n + 1 = 2(n) + 1
Ý

= 1
�

587QEJ38ÒDC2IKEJ3<=/e£�L2ABMy3x?BADCSLB5`�B3:EJ36OS36OSN23<EJ3<=P5�NDIRH�58;>=!143658EJ;>38=�5�NBI�Hw5�N2ADCBH
gcd

  7#L236EJ3>e
�B?¬;>A�OS3658;27¿IK7x��LB56H#��3PLB5��B3S=2AB;>3Sg*ABO�M>EJ3<L23<;27*I��B3D��NBCBHqI�Hq7,L2ADC21K=�¤`I �B3!?BADC7,ABOP3¿I4=23<5<7FHJA@H*LDIG;>�@58N>ADCBHw5<;>=�7,ABOP3�7*H�E�5�H�3<¤`I4367wH�A!C>793>e��>Et?�58M2M21 ?BIG;>¤qH*L236OÞHJAAB;>3�ADiyH*LDIG7QOSAB;DH*Lk  7¿�h5�?2L23<O M>EJA2ND1436OP7 $

£t58;@�58;>=23<E��>C>EJ¤6L¡b36;DH�EJ3�i�ABE �B=BCygJ56HJIKAB;�IK;��h5�H*L23<O�56HJIKg�7Q58;>=P¡¢ABOPMBCBHJIK;>¤ª#;BI �B3<E�7*IRHt?PADi � 56HJ3<E�14A2A�$�$� ª#;BI��B36E�7)I�H�?�fb�B3<;BCy3 � 367*H� 56HJ3<E�14A2Ak�  q©��2¡¢5<;25�=B5 © � ) � ��&
iwtvande@uwaterloo.ca
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� 3�N238¤`IG;&H*LDIK7�;BC>OSN23<E�ADi!H*L23 ¶���0 ��'�0 ��I�H*L�79361K38gJHJ38=&M>EJA2ND1436OP7�i4EJABOH*L23��¢LB56I:�h5�H*L23<O�56HJIKg�561� F1�?BOPMBIK58= ������� eÊ�kLB58;>�87U¤6AÛHJAÖ¡¢LBEJIG7*HJABMyL236E��<OP561G1t�¡¢5<;25�=DIK5<;��23<5<O )<3<58=>36E�HJA@H*L23@£J�� ÖIG;@f�H*L23<;27`�Di�ABEwg*AD1R143<gJHJIK;>¤xH*L236O i�ABE�C>7<e
� À

±�� Å ±
� À�� Å

±
�
�
¶
±������ � Å"!

�9±
� Ì�ÍqÍ ×#%$%&'$)(+*,$)-/.10 � 2 &'$4365

Ð eÖ�>E�IK5<;>¤`143
ABC

LB587
∠A = 70◦ 5<;>= CA + AI = BC

����L236EJ3
I
IG7@H*L23IK;>g�3<;DH�EJ3�ADiyH�E�IK5<;>¤`143

ABC
e�8IK;>=

∠B
e

Ì e )<3�H
f : 7 → 7 �8��L23<EJ3 7 IG7wH*L23:793�HwADi¢5<1R1yE�56HJIKAB;25<1y;BC>OPN>36E�7��27*Cyg)L@H*LB56H

f(x + y) = f(x) + f(y) + 2547i�ABEw561G1
x
�
y ∈ 7 5<;>= f(2004) = 2547

e
�8IK;>=
f(2547)

e
× e
)<3�H

a
�
b
��5<;>=

c
N23qMyAB7*IRHJI �B3xEJ3<5612;BC>OPN>36E�7w7)Cyg)L�H*LB56H

a+ b+ c ≥ 1

a
+

1

b
+

1

c

e0>EJA<�B3qH*LB56H
a3 + b3 + c3 ≥ a + b + c

e
Ú e )<3�H

ABC
N>3�58;P3<ÒBC2IR1K5�H�36E�5<12H�EJIG58;>¤`1K3>e )<3`H

A′ � B′ �B58;>= C′ N23:M>ADIK;DH�7�AB;!H*L237,3<¤�OS36;DHJ7
BC

�
CA

�b58;>=
AB

�/EJ3679M>38gJHJI �B361 ?/e��6C>M2MyAB793�H*LB5�H |AC′| = 2|CB′| �
|BA′| = 2|AC′| � |CB′| = 2|BA| �k5<;>= [ABC] = 126

e���IG;>=PH*L23@58EJ365�ADibH*L23H�EJIG58;>¤`1K3�36;>g�14AB7938=�N<?!H*L23¿1GIG;>3<7
AA′ � BB′ �D58;>= CC′ e

Î e��IG;>=�561G1yM25<IGE�7
(x, y)

��LDI4g)L�7)56HJIG7)iR?@H*L23�7�?27�H�36O¦ADib38ÒDC>56HJIKAB;27
xx+y = yxy �
x2y = 1

e®
e )<3�H

ABCD
N23:5�g*AB;��B3*Ù!ÒDC>5�=BEJIR1K5�H�36E�5<1�e#0>EJA6�B3¿H*LB5�H

[ABCD] ≤ 1
4
(AB2 + BC2 + CD2 + DA2)

e
� e	�Q36�>;>3

f
AB;SH*L23!793�H�ADi�E�56HJIKAB;25<1/;BC>OPN>36E�7qIG;SH*L23@IK;DHJ3<Et�D561

[0, 1]
5<7xi�AD1G1KA8�:7
�

f(0) = 0
�
f(1) = 1

�B5<;>=
f(x) =







f(2x)

4

IGi
0 < x <

1

2

�
3

4
+

f(2x − 1)

4

IGi 1

2
≤ x < 1

e
£�i���3��:E�IRHJ3

x
IG;¬N25<7,3<�

2
EJ3<M2EJ3<793<;DH�56HJIKAB;�587

x = (0.b1b2b3 . . .)2
�¢�y;>=

f(x)
IG;N25<7,3<�

2
EJ3<M2EJ3<793<;DH�56HJIKAB;/e



�D�(�
� e �8IK;>=U5<1R1/M>E�IKOP3<7

p
7*Cyg)LPH*LB56H

p2 + 2543
LB5<7q1K3<7)7�H*LB5<;

16
=DIK7�HJIK;>gJH#MyAB7*IRHJI �B3=BI �BIG7,ABE�76e

� e ��I��B36;h5�EJIK¤6L�H¿H�EJIG58;>¤`1K3
ABC

��IRH*L
∠B = 90◦ ��143`H P

N23�5�MyADIG;DH�AB;�H*L2358;>¤`1K3�NDIK7938gJHJABE!ADi
∠A

IG;27)IK=>3
ABC

5<;>= 1K3�H
M

N>3¬5�MyADIG;DH�AB;ÛH*L23�7*I4=23
ABÜR��I�H*L

A 6= M 6= B
Ý9e )�IK;>367

AP
�

CP
�w58;>=

MP
IK;DHJ3<E�7938gJH

BC
�

AB
�F5<;>=

AC
5�H

D
�

E
��58;>=

N
��EJ3679M>38gJHJI �B361 ?/eÛ�6C>M>M>AB7,3PH*LB56H

∠MPB = ∠PCN
5<;>=

∠NPC = ∠MBP
e�8IK;>=

[APC]/[ACDE]
e

©q3*Ù<Hb��3x14A2A2�¿56H/H���A�HJ3<7�HJ7wADi2H*L23 �8� §R¨�f�14NB58;BIG58;P�h56H*L236OP5�HJI4gJ5<1. F1 ?2O�M2IG5�=i�ABE��qI4¤6LÕ�8g)L2A2AD1G7<e��kLB58;>�87P58¤�5<IG;Ö¤6AhH�A ¡bLBE�IK7�H�ABM>L23<E��<O�5<1R1���¡k58;258=BIG58; �23<5<O
)<3<58=>36E�H�A�H*L23!£J�� ÕIK;@f�H*L236;27���i�ABEFg�AD1G1K38gJHJIG;>¤xH*L236O�e

ÌqÎ����
±��

�

±
·
�9±
· Å ±

� À � Å
±
�
�
¶
±�� ��� � Å"!

�,±
�

�

�
¹ À

�
� À ÂQ¶UÀ

�6���
Â

� $45,* �
Ð ex�¢L236EJ3!5<EJ3

20
M2C>MBIG1G7xIG;U5:�BIR1G1G5�¤63@79g)L2A2AD1�eQfw;�?PH���ASADibH*L236OÃLB5`�B3�H*L23@795<OS3¤�E�58;>=Di456H*L236E`e��8L2A8��H*LB5�H/H*L23<EJ3¿3*Ù8IG7*H�7w5¿¤�E�58;>=Di456H*L236E/��L2A@LB587�56H�1K3<5<7*H

14
¤�E�58;>=2�g)LDIG1K=2EJ36;/e

Ì e
)<3`H
M
�
N
�<5<;>=

P
N>3FH*L23�EJ3679M>38gJHJI �B3�O�I4=2�)M>ADIK;DH�7�ADiB7*I4=23<7

BC
�
CA

�<5<;>=
ABADibH�E�IK5<;>¤`143

ABC
�y58;>=P143`H

G
N23�H*L23�IK;DHJ3<E�7938gJHJIKAB;UM>ADIK;DH#ADi/I�HJ7xOP38=DIK5<;27<e�0>EJA<�B3H*LB56H�IGi

BN =
√

3
2

AB
5<;>=

BMGP
IG7Q5@g�?Bg�1GIKgQM>AD1�?B¤6AB;¢��H*L236;�H�EJIG58;>¤`1K3

ABC
IG738ÒDC2IG1G56HJ3<E�561�e

× e )<3�H
xk
5<;>=

yk
ÜKi�ABE

k = 1
�
2
�
. . .

�
n)
N>3�MyAB7*IRHJI �B3�EJ3<561y;BC>OSN23<E�7FH*LB5�Hw795�HJIK7*iR?

kxkyk ≥ 1
e

ÜK5�Ý�0>EJA<�B3qH*LB5�H n∑

k=1

xk − yk

x2
k + y2

k

≤ 1
4
n

√
n + 1

e
Ü�N8Ý � L23<;P=2A23<7#3<ÒBC>561GI�H�?�L2AD14=!IK;�M258E�HQÜK5�Ý�Ô
Ú e��IG;>=�M2EJIGOS3:;BC>OPN>36E�7

p
58;>=

q
7)Cyg)L@H*LB5�H

p2 − p + 1 = q3 e
Î e#�8IK;>=�561G1�M>56IKE�7�ADiwMyAB7*IRHJI �B3�IK;DHJ38¤636E�7

(x, n)
7*Cyg)L�H*LB5�H

xn+1 + 2n+1 + 1
IG7=BI �BIG7)IKNB1K3:N<?

xn + 2n + 1
e

� $45,*��
Ð e��8ABOS3qM>38ABMB143�H�5��83qM258E�H�IG;@5¿OS3<3�HJIG;>¤Be �<�B3<Et?@M258E�HJI4g�IGM>5<;DH�IG7w58g*ÒDC>5<IG;DH�3<=:��I�H*L56HbOSAB7�HkH*LBEJ383#My3<ABM21K3QIK;qH*L23�¤�EJADC>Mb�<5<;>=�IRi8H���A¿M>5<E�HJIKg�IKM258;DH�7�58EJ3#;>A�Hb5�g�ÒBC>56IK;DHJ38=k�H*L23<;!H*L23,?PLB5��B3�5@g�ABOPOPAB;�5�g�ÒBC>56IK;DH�58;>g�3�IK;!H*L23:¤�EJADC>M�eÜK5�Ý � LB56H�IK7wH*L23:O�5`Ù<IKO�5<1>;BC>OSN23<EFADi¢M258E�HJI4g�IGM>5<;DHJ7FIK;!H*LDIG7#OP383`HJIK;>¤6Ô
Ü�N8ÝU£�i/H*L23<EJ3!58EJ3�H*LBEJ383!M>5<E�HJIKg�IKM258;DH�7���L2AS58EJ3!O�CBHJC>561G1 ?U5�g�ÒBC>56IK;DHJ38=P��I�H*L�3<58g)LA�H*L23<E9�8��LB5�H�IK7wH*L23:O�5`Ù<IKO�5<1>;BC>OSN23<EFADi¢M258E�HJI4g�IGM>5<;DHJ7FIK;!H*LDIG7#OP383`HJIK;>¤6Ô



�D� �
Ì eQ0>EJA<�B3qH*L23�IG;>38ÒDC>5<1RIRHt?

1
√

a +
1

b
+ 0.64

+
1

√

b +
1

c
+ 0.64

+
1

√

c +
1

a
+ 0.64

≥ 1.2
�

��L23<EJ3
a > 0

�
b > 0

�
c > 0

�B5<;>=
abc = 1

e
× e��8AD1��B3qH*L23�i�AD1R14A8��IG;>¤�3<ÒBC>5�HJI4AB;�IG;�IK;DHJ38¤636E�7
�

y2 = 1 + x + x2 + x3 + x4 e
Ú eF0>EJA<�B3#H*LB5�H�i�ABE/58;�?:IG;DH�3<¤63<E

n ≥ 2
�6H*L23q;BC>OPN>36E

2n −1
IK7�;>A�H�=DI��DIK7*I4ND143xN<?

n
e

Î e�£t;q5<;q5�g�CBHJ38�*58;>¤`1K38=#H�EJIG58;>¤`1K3
ABC

�[1K3�H
H
N>3�H*L23QABE�H*L2A2g*36;DH�EJ3B��5<;>=x1K3�H

da
�
db
�58;>=

dc
N23�H*L23¿=DIK7�HJ5<;>g*367�i4EJABO

H
HJA�H*L23q7*I4=23<7

BC
�
CA

�858;>=
AB

�8EJ3<7)My3<gJHJI��B3�1�?be0>EJA<�B3�H*LB56H
da + db +dc ≤ 3r

�<��L236EJ3
r
IK7�H*L23qE�58=BIRC>7FADi2H*L23xIG;>g�IKEJg�1K3¿ADi2H�E�IK5<;>¤`143

ABC
e

�>A!g�AB;DHJIK;BCy3#?BADC>E�EJ3`HJC>E�;�H�A�M>EJA2ND1436OS�*7,AD1 �BIG;>¤�M21K3<5<7)C>EJ367��6��3¿¤`I��B3�H*L23 & &[§R¨
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A

A′

A′′
B

B′
B′′

C

C′

C′′

D

E

F

N

� IRH*L2ADCBH!1KAB797SADi¿¤636;>3<E�561GI�H�?k�Q��3�O�5�?Õ7)C>M2MyAB793¬H*LB5�H N IK7�H*L23�C>;BI�HPg�IGE*�g�143�IG;ÕH*L23hg�ABOPMB143*ÙÛM21G58;>3D�Q��IRH*L 4A′B′C′ M>AB7)I�HJI��B3�1�?ÖABEJIK3<;DHJ38=mÜK7,3<3��k¤`C>EJ3[Ý9e� 3POP5`?�3,�B3<;�7*C>M>M>AB7,3�H*LB5�HxH*L23P58;>¤`1K3<7
α = ∠B′A′C′ � β = ∠C′B′A′ ��5<;>=

γ = ∠A′C′B′ 795�HJIK7*iR? π
2

> β > α > γ
58;>=�H*LB5�H�H*L23@g*ABO�M21K3)Ù@5 �@Ù�ADi

B′ IG7 1
e£4H�IG7wEJ365�=DIG1 ?@793836;�H*LB5�H/H*L23q5 �@Ù83<7wADi

C′ 5<;>= A′ 58EJ3 e2iα 58;>= e−2iγ = e2i(π−γ) �EJ3<7)My3<gJHJI��B3�1�?be/�¢L23x5 �!Ù¿ADiDH*L23xO�IK=>�*MyADIG;DH�ADiDH*L23x7)OP561G1K3<E/58EJg
B′C′ IG7 eiα 28L23<;>g�3B�H*L23:5 �!Ù�ADiyH*L23�O�I4=2�)M>ADIK;DHwADi>H*L23�58EJg

DA′ IK7 ei(π+α) e��6IK;>g�3 π + α < 2π − 2γÜ4;>A�HJ3xH*LB56H
α + 2γ < α + β + γ − π

Ý*�<��3x�y;>=
D
�
A′′ �D5<;>= A′ IG;@H*LB5�H�ABEJ=>36E�AB;H*L23�g�IKEJg�1K3�MyAB7*IRHJI �B361 ?�ABEJIK3<;DHJ38=bew£4H�i�AD1G1KA8�:7wH*LB5�H�H*L23:5 �!Ù@ADi

A′′ IK7
ei(π+α+(2π−2γ−π−α)/3) = e4πi/3 · e2i(α−γ)/3 e



�9���
£t;�5S7*IKO�IG1G58EQ�:5`?¢�k��3��>;>=�H*LB56H�H*L23P5 �!ÙUADi

B′′ IK7 e2i(α−γ)/3 58;>=�H*L23P5 �!ÙUADi
C′′ IG7 e2πi/3 · e2i(α−γ)/3 e��¢LDC>7`��H*L23U5 �@Ù83<7!ADi B′′ � C′′ ��5<;>= A′′ 5<EJ3�ADiwH*L23i�ABE�O

eiθ � eiθ · e2πi/3 �B58;>= eiθ · e4πi/3 2<��L236;>g*3D� 4A′′B′′C′′ IG7#38ÒDC2IG1G56HJ3<E�561�e
� ' �1�7² ' 4��>µ�' �$ "'�'���·�� � �7818!0 ���=��-2°�83�H

a = BC
�

b = CA
�

c = AB
�

α = ∠CAB
�

β = ∠ABC
�w58;>=

γ = ∠BCA
e � I�H*L2ADCBH#1KAB797qADi�¤636;>3<E�561GI�H�?k�>��3!OP5`?�5<797*C>OS3�H*LB5�H

β > α > γ
e� 3��>E�7*H�;>A�H�3qH*LB56H

BA′ = 1
2
a
58;>=

BD = c cos β
e��¢L236;

DA′ = BA′ − BD = 1
2
a − c cos β = R sin(β − γ)

�
��L23<EJ3

R
IK7wH*L23:g�IKEJg�C>O�E�5�=DIGC>7�ADi 4ABC

e��6IKO�IG1G58E�1�?k�
EB′ = R sin(α − γ)

e
)<3�H

N
N23�H*L23@g�3<;DH�EJ3�ADikH*L23�;BIG;>38�*MyADIG;DHQg�IKEJg�1K3@ADi 4ABC

e��¢L236;���3�LB5`�B3
∠DNA′ = 2(β − γ)

5<;>=
∠ENB′ = 2(α − γ)

e £t; 4NA′B′ ��3�LB5`�B3
∠A′NB′ = 2γ

e��kL23<EJ3�i�ABEJ3B�
∠A′′NB′′ = 2γ + 2

3
(β − γ) + 2

3
(α − γ) = 2

3
(α + β + γ) = 120◦ e£t;hH*L23�795<OS3P�:5�?k�

∠B′′NC′′ = ∠C′′NA′′ = 120◦ em�kLDC>7�� 4A′′B′′C′′ IG738ÒDC2IG1G56HJ3<E�561�e
Ì e��IG;>=�561G12H�E�IKMB14367

(a, b, c)
ADi¢M>AB7)I�HJI��B3¿IG;DH�3<¤63<E�7Q7)Cyg)L@H*LB5�HÜGI�Ý

a ≤ b ≤ c
2

ÜKIRI�Ý
gcd(a, b, c) = 1

2�58;>=
ÜKIRIGI Ý

a3 + b3 + c3 IK7#=DI��DIK7*I4ND143�N<?P3<58g)L�ADiyH*L23:;BC>OPN>36E�7 a2b
�
b2c

�
c2a

e
�6������������� 8!��0����3'70 0 '�¹ ��0 ��� �7�3':���6��� �
�&�����6� � ����� �?��'7� ��0?�$��� '<°�8ADIRH

(a, b, c)
C>;!H�3�1>H�E�IKMB143`H`e

 Q;hEJ36OP5<EJÒBCy3�=¢  5�N2ABEJ=ÛÒBCy3U7*I
p
M>EJ36O�IK3<E:=DI��DIK793

a
3`H

b
��IR1F=DI��DIK793

a2b
3`H=>AB;>g

a3 + b3 + c3 56IK;27*IbÒDCy3 a3 + b3 e/0D58EF7*C2IRHJ3B� p =BI �BIG7,3 c3 3`HQ=>AB;>g c
�yg�3@ÒDC2Ig*AB;DH�EJ3<=BI�HQÜGIGI Ý9e�f�IG;27)It�

gcd(a, b) = 1
e �Q3�O '36OS3D�

gcd(b, c) = gcd(c, a) = 1
e

 Q;Û3<;Û= $38=DC2IRH�ÒBCy3
a2 � b2 3`H c2 7,AB;DH:=>3�C�Ù0"5�=>3�C�Ù¬M2EJ3<O�I436E�7�3<;DH�EJ3�36C�Ùye02C2IK79ÒBCb  IG1G7 =BI �BIG7,36;DH�g)LB5�g�C>;

a3 + b3 + c3 �@g�361G5 5<797*C>EJ3 ÒDCy3 a2b2c2 =DI��DIK793
a3 + b3 + c3 e  Q;�5�5614ABE�7 3c3 ≥ a3 + b3 + c3 ≥ a2b2c2 �2=¢  A "C

3c ≥ a2b2 e Ü7&[Ý
�x  56CBH�EJ3:M>5<E�H,�

c2 =BI �BIG7,3 a3 + b3 �2=2AB;>g
c2 ≤ a3 + b3 ≤ 2b3 e Ü � Ý

�B;Ãg*ABOPNBIG;258;DH�Ü7&[ÝÖ3�H�Ü � Ý*�SIR1U�BIK3<;DH
108c3 ≥ 4a6b6 ≥ a6c4 3�H�=>AB;>g

a ≤ c ≤ 108/a6 �23�HF36;B�y; a7 ≤ 108
ey¡¢361G5�3<;DH�E�56IK;>3

a = 1
e�6I

b = 1
�>5<1KABE�7

c2 =DI��DIK793 a3 + b3 = 2
�y=k  A "C

c = 1
e�«
$38g�IGM>EJA2ÒDCy3<OP3<;DH,�2143H�EJIGM21K3�H

(1, 1, 1)
367*HFg�1G5<IGEJ3<OP3<;DH�C>;>3�7,AD1RCBHJI4AB;/e�6I

b > 1
�25<1KABE�7

c > b > 1
ÜK795<;27�ÒBCyADIt�>AB;P5<C>E�56IRH

c = b
�>36;Sg*AB;DH�E�58=BIKgJHJI4AB;5��B3<g

gcd(b, c) = 1
Ý)e �8HF=>AB;>g

c3 > b3 + 1
ek£�1B�BIK3<;DHw5614ABE�7 �

2c3 > 1 + b3 + c3 = a3 + b3 + c3 ≥ b2c2 �



�9� �
=¢  A�"C

c > 1
2
b2 e%�B;�g*ABOPNBIG;258;DH#5��B3<gxÜ � Ý*�>IG1y�DI436;DH

2b3 > 1
4
b4 �kADC�3<;>g�ABEJ3 b < 8

e
 Q;!� $3<E�IG�y3�5<1KABE�7�"5:1G5:OP56IK;PÒDCy3�1K5:7936C21K3�7,AD1RCBHJI4AB;�3<7�H

b = 2
3�H

c = 3
e

��IG;25<1K3<OP3<;DH,�D1K3<7Q79AD1GCBHJIKAB;27Q79AB;DH
(1, 1, 1)

3�H
(1, 2, 3)

e
× e��IG;>=�561G1>iKC>;>gJHJIKAB;27

f : � → �
7*Cyg)L@H*LB56H,�Di�ABE�5<1R1

x
�
y
IG;

�
�8��3:LB5��B3

f(x + y) + f(x)f(y) = f(x) + f(y) + f(xy)
e Ü7&[Ý

�6���Cµ�'$# )�+ � �3��-�'5�g¹������
� �&��'7�N¸� �='��6� ��0?�$��� '>� �$��# ���*½�-�� ��� � ���G· ¶��� � ���6�3�.+
¶����&��'74='7�U� ���(��'�0 � ��µ�'7��� � �
�c´ ���w°,� ' 4
�Cµ�' �.-�'g² 0?����'��>��8 )$+w½�-�� ���  "��#$��%!'$#,)$+
�.-!'/'�#$������0�°¡k1K3<5<EJ1 ?¢�

f ≡ 0
�
f ≡ 2

�D58;>=
f(x) = x

5<EJ3�7,AD1RCBHJI4AB;276e � 3¿7,L2A8� H*LB5�H�H*L23,?58EJ3qH*L23�AB;B1�?�79AD1GCBHJIKAB;27<e�83�H�HJIG;>¤
x = 0 = y

IG;�Ü &`Ý*�D��3!¤63`H (
f(0)

)2
= 2f(0)

e¿£�i
f(0) = 2

�2H*L23<;¢�N<?�143`H�HJIK;>¤
y = 0

IG;PÜ7&[Ý*�8��3�7,3<3¿H*LB5�H
f(x) = 2

i�ABEw561G1
x ∈ �

2<H*LB56H�IG7��
f ≡ 2

e�6C>M>M>AB7,3!H*L23<EJ3�i�ABEJ3!H*LB56H
f(0) = 0

e )<3`H
a = f(1)

eS�83`H�HJIK;>¤
x = 1

5<;>=
y = −1

�D��3@¤63�H
af(−1) = a + 2f(−1)

2BH*LB5�HFIK7`�
f(−1) = a/(a − 2)

e¿©qA8�7)Cyg�g*36797*I��B3�1�?�7*CyN27�HJIRHJCBHJIG;>¤
(x − 1, 1)

�
(−x + 1, −1)

�25<;>=
(−x, 1)

i�ABE
(x, y)

IK;Ü7&[Ý)�<��3�¤63`H
f(x) + (a − 2)f(x − 1) = a

� Ü � Ý
f(−x) +

2

a − 2
f(−x + 1) − f(x − 1) =

a

a − 2

� Ü � Ý
f(−x + 1) + (a − 2)f(−x) = a

e Ü �8Ý
�D1RIKO�IK;25�HJIK;>¤

f(x − 1)
58;>=

f(−x + 1)
IG;PÜ � Ý*�2Ü � Ý*�B58;>=�Ü&�<Ý�¤`I��B367

f(x) − (a − 2)f(−x) = 0
e Ü � Ý

«¢3<MB1K58g�IK;>¤
x
N<? −x

IG;PÜ � Ý*�8��3:A2NDH�5<IG;
f(−x) − (a − 2)f(x) = 0

e Ü4��Ý
£�i

a /∈ {1
�
3} �/H*L23<;�N<?�361RIKO�IK;25�HJIK;>¤ f(−x)

IG;�Ü � Ý�5<;>=�Ü��`Ý*�b��3P79383�H*LB5�H
f(x) = 0

i�ABE�5<1R1
x ∈ �

28H*LB5�H�IK7`�
f ≡ 0

e£�i
a = 3

�kH*L23<;�Ü � Ý#¤`I �B3<7
f(x) = 3 − f(x − 1)

i�ABE�5<1R1
x ∈ �

e �:36;>g*3D�
f(2) = 3 − f(1) = 0

58;>=
f
(
5
2

)
= 3 − f

(
3
2

)
= f

(
1
2

) e Q;�H*L23�A�H*L23<EFLB5<;>=¢�>N<?7)CyNB7*HJI�HJCBHJIK;>¤ (
2, 1

2

) i�ABE
(x, y)

IK;�Ü &`Ý*�<��3�¤63�H
f
(
5
2

)
= f

(
1
2

)
+ f(1) = f

(
1
2

)
+ 3

�5@g�AB;DH�E�5�=DI4gJHJIKAB;/e
��IG;25<1R1�?k��g*AB;27*I4=23<E

a = 1
e��kL23<;�Ü � Ý�¤`I��B367

f(x) = f(x − 1) + 1
i�ABEq561G1

x ∈ �
e��B?SIK;>=DCygJHJI4AB;¢�

f(x + n) = f(x) + n
�ki�ABE#5<1R1

x ∈ �
58;>=

n ∈ �
e!£t;M>5<E�HJIKg�C21K5<E,�

f(n) = f(0 + n) = f(0) + n = n
i�ABEF5<1R1

n ∈ �
eQ�6CyN27�HJIRHJCBHJIG;>¤

ni�ABE
y
IG;�Ü &`Ý*�2��3�A2NDH�5<IG;

nf(x) = f(nx)
i�ABE#5<1R1

x ∈ �
5<;>=

n ∈ �
e ��3<;>g�3B�yIGi

r = m/n ∈ 7 58;>= x ∈ �
��H*L23<;

mf(x) = f(mx) = f(n · rx) = nf(rx)
2



�9���
H*LB56H�IK7`�

f(rx) = rf(x)
eF£t;�M>5<E�HJIKg�C21K5<E,�

f(r) = f(r · 1) = rf(1) = r
e��83`H�HJIK;>¤

y = r
IG;�Ü7&[ÝF¤`I��B367

f(x + r) = f(x) + r
e#f�1K79Ak�y793�H�HJIG;>¤

y = x
IG;�Ü7&[Ý*�2��3!¤63�H

(
f(x)

)2
= f(x2)

e��kLDC>7��
f(x) ≥ 0

IRi
x ≥ 0

e��6IG;>g*3
f(−x) = −f(x)

�8��3:LB5��B3
f(x) ≤ 0

IRi
x ≤ 0

e©qA8���D1K3�H
x ∈ �

N>3¿�DÙ83<=/ew£�i
r ∈ 7 5<;>= r < x

��H*L236;
f(x) = f(x − r + r) = f(x − r) + r ≥ r

�
7)IG;>g*3

f(x − r) ≥ 0
e�£4H�i�AD1R14A8�:7�H*LB5�H

f(x) ≥ x
e!�6IKO�IG1G58E�1�?k�

f(x) ≤ r
i�ABE�561G1

r ∈ 7 7)Cyg)L@H*LB5�H r > x
�8��LDIKg)L!IKO�M21RI4367wH*LB56H

f(x) ≤ x
e��kLDC>7��

f(x) = x
e

��� )<3`H
P (x)

N23!5�M>AD1�?B;>ABO�IG5<1y��IRH*LPIG;DH�3<¤63<E�g�A23 �Sg�I436;DHJ7q7*Cyg)LPH*LB5�H
P (n) > ni�ABE�5<1R12MyAB7*IRHJI �B3qIG;DH�3<¤63<E�7

n
e��6C>M>M>AB7,3xH*LB5�H�i�ABE�3<58g)L!M>AB7)I�HJI��B3xIG;DH�3<¤63<E

m
�8H*L23<EJ3qIG75@HJ3<EJO IG;PH*L23@7,3<ÒBCy36;>g*3

P (1)
�
P
(
P (1)

) �
P
(
P
(
P (1)

)) �
. . .

��LDI4g)LPIG7q=BI �BIG7)IKNB1K3N<?
m
e��8L2A8��H*LB56H

P (x) = x + 1
e

�6���Cµ�'$# )�+ ����'�0 0 'P¹ ��0 �6� �7��'5����� � �����7����� � ���
� �?�3'5� ��0?�$��� '>� �$��# ���	½
-!� �
� � ���q·
¶��� � �$�=����+1¶���� �3'546'5� � ���(��'�0 � �3µ�'��6� � �
��´ �?�w°'� ' 4
�Cµ�'z½�-�� � � �w² 0?�3�3' �:�787°� 3���IG1R1BC>7,3xH*L23¿;>A�H�56HJIKAB;

P (i)(1)
i�ABE�H*L23

i
§R¨FH�36E�O�IG;@H*L23¿7938ÒDCy3<;>g�3

P (1)
�

P
(
P (1)

) �
. . .

e��kL23Sg�AB;>=BI�HJI4AB;
P (n) > n

IKO�M21RI4367xH*LB56H
deg(P ) ≥ 1

58;>=UH*L2314365�=DIK;>¤�g*A23 �Ug�IK3<;DHFADi
P
IG7QMyAB7*IRHJI �B3>e£�i

P (x) = x + b
��H*L23<;

1 + b = P (1) > 1
����LDIKg)L�IGOPMB1GIK3<7wH*LB5�H

b ≥ 1
eF£4HIK7x3<5<7�?�HJAP7,3<3�H*LB56H

P (x) = x + 1
795�HJIK7*�k367�561G1yH*L23!g�AB;>=BI�HJI4AB;276e¿£�i

b ≥ 2
�2H*L23<;

P (1) ≡ 1 (mod b)
5<;>=¢�2N<?�IG;>=BCygJHJIKAB;¢�

P (i)(1) ≡ 1 (mod b)
i�ABE�5<1R1

i ≥ 1
e£�i

P (x) = 2x + b
�2H*L236;

2 + b = P (1) > 1
�D��LDI4g)L�IGOPMB1GIK3<7QH*LB56H

b ≥ 0
e£�i

b = 0
��H*L236;¢�>N<?!IK;>=DCygJHJI4AB;¢�

P (i)(1) = 2i i�ABE�5<1R1 i ≥ 1
e� 3!g*AB;27*I4=23<EwH�A2¤63`H*L23<EQ5<1R1kH*L23@EJ3<O�5<IG;BIK;>¤@g�5<7,367
�wÜGI�Ý
P (x) = 2x + b

��I�H*L
b ≥ 1

2QÜGIGI Ý
P (x) = ax + b

��I�H*L
a ≥ 3

2F5<;>=ÛÜKIRIGI Ý
deg(P ) ≥ 2

em£t;�H*L23<793g�5<7,367��wH*L23<EJ3�3)Ù<IK7�HJ7
N ∈ � 7*Cyg)LhH*LB56H

P (n) > 2n
i�ABE@561G1

n ≥ N
e&�6IG;>g*3

1 < P (1) < P (P (1)) < P (P (P (1))) < · · · �yH*L236EJ3�3*Ù8IG7*H�7 k ∈ � 7)Cyg)LPH*LB5�H
P (k)(1) ≥ N

e )<3`H
r = P (k)(1)

5<;>=
m = P (k+1)(1) − P (k)(1)

e��¢L236;
r ≥ N58;>=

m = P (r) − r > r
e �BABE

1 ≤ i ≤ k
�>��3�LB5`�B3

1 < P (i)(1) ≤ r < m
2H*LDC>7��

m
=>A2367:;>A�H¿=DI��DI4=23P58;�?

P (i)(1)
i�ABE

1 ≤ i ≤ k
e¬�ÛABEJ38A6�B3<E9��;>A�H�3�H*LB5�H

P (k+1)(1) = m + r ≡ r (mod m)
ebfw7)7)C>OP3¿587F5<;!IK;>=DCygJHJI4AB;�L8?BMyA�H*L2367)IG7�H*LB56H

P (i)(1) ≡ r (mod m)
i�ABE�7,ABOP3

i ≥ k + 1
e��¢L236;

P (i+1)(1) = P (P (i)(1)) ≡ P (r) = P (P (k)(1))

= P (k+1)(1) ≡ r (mod m)
e

�:36;>g*3D�
P (i)(1) ≡ r (mod m)

i�ABEw561G1
i ≥ k + 1

e
� � )<3�H

ABC
N>3@5�H�E�IK5<;>¤`143D�y58;>=P143`H

r
�
r1
�
r2
�
r3
=>36;>A�H�3�I�HJ7#IK;2E�58=BIRC>7q5<;>=PH*L233)Ù8E�5�=DIGI>ABM2MyAB7*IRHJ3#H*L23#�B3<E�HJI4g�3<7

A
�
B
�
C
�8EJ3<7)My3<gJHJI��B3�1�?be��6C>M>M>AB7,3

a > r1
�
b > r2

�
c > r3

eQ0>EJA<�B3qH*LB56H
ÜK5�Ý@H�EJIG58;>¤`1K3

ABC
IK7Q58g�CBH�3D� Ü4N�Ý

a + b + c > r + r1 + r2 + r3
e



�9� �
�6��������������)$+�� '�#��
��� ��°�� ��0:�.+
� � ��µ�'70�� �4� ��´ �?� �� "��#$��%!'$#*)�+ �.-!' '$#$�3�3��0�°Ü45`Ý#)<3�H

s
=>36;>A�H�3ÖH*L23m7,36O�IGMy36E�O�I43`H�36E�ADi 4ABC

e �DEJABO H*L23���;>A8�:;i�ABE�O�C21K5
tan(A/2) = r1/s

58;>=ÕH*L23Û¤`I��B36;�IG;>38ÒDC>5<1RIRHt?
a > r1

�#��3ÛA2NDH�5<IG;
tan(A/2) < a/s < 1

e@�6IGO�IR1K5<EJ1 ?¢�
tan(B/2) < 1

5<;>=
tan(C/2) < 1

e:�kL23<;
A < π

2

�
B < π

2

�B5<;>=
C < π

2

e�:36;>g*3D� 4ABC
IK7Q58g�CBH�32eÜ�N8Ý@�6IK;>g�3�H*L23¬H�E�IK5<;>¤`143

ABC
IK7�5�g�CBHJ3B�F��3�LB5`�B3�H*L23h�8;>A8�:;ÕIK;>3<ÒBC>561GI�H�?

s > r + 2R
�:��L236EJ3

R
IG7�H*L23�g�IGEJg�C>OPE�58=BIRC>7hADi 4ABC

e � 3Ö5<1G7,A�LB5`�B3
r1 + r2 + r3 = r + 4R

e��3<;>g�3B�
r + r1 + r2 + r3 = 2r + 4R < 2s = a + b + c

e
� � )<3`H

n
N23�5@M>AB7)I�HJI��B3�IG;DH�3<¤63<EF5<;>= {A

�
B
�
C} 5@M258E�HJIRHJIKAB;SADi {1

�
2
�
. . .

�
3n}7)Cyg)L�H*LB5�H |A| = |B| = |C| = n

eQ0>EJA6�B3xH*LB56H�H*L23<EJ3�3*Ù8IG7*H
x ∈ A

�
y ∈ B

�
z ∈ C7)Cyg)L@H*LB56HFAB;>3:ADi

x
�
y
�
z
IG7wH*L23:7)C>O¦ADiyH*L23:A�H*L23<E�H���Abe

�6������������� 8!��0����3'70 0 '�¹ ��0 ��� �7�3':���6��� �
�&�����6� � ����� �?��'7� ��0?�$��� '<°
 Q;S=BIGE�5!ÒDCy3:143¿H�E�IKMB143`H

(a, b, c)
367*H )���� 1KABE�7,ÒDCy3

a ∈ A
�
b ∈ B

�
c ∈ C

3�H1�  C>;�=23<7w;>ABOPN2EJ367Q367*H�1K5¿79ABOPOP3¿=>367F=>3�C�Ù:56CBH�EJ3<76eB�<58;27wM>3<E�H�3¿=>3¿¤.$3<; $36E�5<1RIRH%$3D�DAB;My3�CBHq7*C>M>M>AB7,36EqÒBCy3
1 ∈ A

�b3�HqÒDCy3�1K3�M21RC>7�My3`HJIRHx;>ABOPN2EJ3D�/=DIK79AB;27
k
�bÒBC2I�;¢  3<7�HM>5<7�=B58;27

A
3<7�HF=25<;27

B
e2�6C>M>M>AB7,AB;27�ÒDCb  IR1k;¢  3)Ù<IK7�H�3�M>5<7�=23�N2AB;!H�EJIGM21K3�H`e

 Q;�g*ABO�OS36;>g*3@M258EQOSAB;DH�EJ36E�ÒDCy3!M>ADC>EFHJADCBH
x ∈ C

�kAB;S5
x − 1 ∈ A

e �D;36ßb3�H,��7`  IR1w3)Ù<IK7�H�3
x ∈ C

H�3�1wÒBCy3
x − 1 /∈ A

5614ABE�7`��MBC2IK79ÒBCy3
(1, x − 1, x)

;>3=>ADI�HqM>5<7 '3`H�EJ3SN>AB;¢�/g[  367*H¿=2AB;>g:ÒDCy3
x − 1 /∈ B

�/3`Hq5<IG;27)I�ÒBCy3
x − 1 ∈ C

e��D;M>5<E�HJIKg�C21GIK3<E9�
x − 1 > k

e¢�h5<IG7#g*ABO�OS3:56Cyg�C>;S=>367�=236C�Ù:H�E�IKMB143`HJ7
(x − k, k, x)

3`H
(k − 1, x − k, x − 1)

;¢  367*HQN2AB;¢�>g[  367*HFÒBCy3
x − k /∈ A

3`H
x − k /∈ B

e �8HQ=2AB;>g
x − k ∈ C

e��Q3�O '3<OP3B�/36;�g�AB;27)IK= $36E�58;DHx1K3<7xH�EJIGM21K3�H�7
(x − k − 1, k, x − 1)

3�H
(1, x − k − 1, x − k)

�2AB;P= $38=DC2IRHFÒBCy3
x − k − 1 ∈ C

e
 Q;�M>36CBH/5<1KABE�7�EJ3<g*ABO�OS36;>g*36E�g*3�E�56IK79AB;2;>3<OP3<;DH,�<3�H/M2EJADCD�B3<E/M>5<E/E%$3<g�C>E�EJ36;>g*3ÒBCy3D��M>ADC>EqHJADCBH

i ≥ 0
�/1K3<7�;>ABOPN2EJ367

x − ik
3`H

x − ik − 1
�bHJ5<;DH:ÒBCb  IG1G7@79AB;DH7*H�E�I4gJHJ3<OP3<;DHxMyAB7*IRHJIRi47��k58M2M>5<E�HJIK3<;2;>36;DH�H�ADC>7q14367:=236C�Ù/"5

C
e��h56IK7¿MyADC>E�C>;

i
NBIK3<;g)L2ADIK7*I��bC>;h=>3Ug*367@;>ABOPN2EJ367!367*H¿;,$38g�3<7)7956IKEJ36OS36;DH¿IK;Bi�$36EJIK36C>E�ADC�$38¤�561 "5

k
��g*3UÒDC2IIKO�M21RI4ÒDCy3�ÒBCb  IG1y58M2M>5<E�HJIK3<;2;>3 "5

A
ADC/"5

B
e2¡�  3<7�H�C>;>3�g*AB;DH�E�58=BIKgJHJI4AB;/e

 Q;�M>AB7,3
C = {c1

�
. . .

�
cn} e �x  58M2E%"367�1G5#M2EJABM>E�I+$3`H($3QM>E%$38g($3<=>36;DH�3D�63�H¢M2C2IG7,ÒDCy3

|A| = |C| = n
�2g[  3<7�HF=2AB;>gQÒDCy3

A = {c1 − 1
�
. . .

�
cn − 1} e¢�h5<IG7QM>ADC>E�HJADCBH i

�AB;�5
ci > k > 1

=2AB;>g
ci − 1 > 1

�>g�3�ÒDC2I¢g�AB;DH�EJ38=DIRHFÒDCy3
1 ∈ A

e
������&!�� �/�>e� Q;�My3�CBHPM>EJADCD�B36ESÒBCy3Û7*I

A
�

B
3`H

C
i�ABEJOS36;DH�C>;>3ÛM258E�HJIRHJIKAB;�=>3

{1
�
2
�
. . .

�
n} 5��B3<g |A| � |B| � |C| > 1

4
n
�B5614ABE�7FIR1k3)Ù<IK7�H�3¿C>;PN>AB;!H�E�IKMB143`H`e

�����$����!���"����>e
� & 	 ��e �6e>��Ñ($3<�8361 ?¢� ¶����(��'7����� ����-=��4�-!'70  ��6�.-!'7 ���������� �>�<M2EJIG;>¤63<E9�2M>EJA2ND1436OÓ¡¢� �8� e
Ð Í � )<3�H

n
N>3�5PMyAB7*IRHJI �B3�IG;DH�3<¤63<Eq¤�EJ3<5�H�36E�H*LB5<;

1
�/58;>=�143`H

p
N>3�5PM>E�IKOP3�7)Cyg)LH*LB56H

n
=BI �BIK=>367

p − 1
5<;>=

p
=DI��DI4=23<7

n3 − 1
eQ0>EJA<�B3qH*LB56H

4p − 3
IG7Q5�79ÒBC>5<EJ3>e

¶��� � "'��!� )�+ ����'�0 0 '�¹ ��0 �6� �7��'5����� � �����7����� � ���
� �?�3'5� �$0����!� '3°�¢LDIG7�M>EJA2ND1436O IG7�7)IGO�IR1K5<ExHJA¬M>EJA2ND1436O �=��ADi�H*L23 �	��
 ¡>Ñ)38g)����0BAD1RIK79L2�9�61KA<�D58�OP5�H*L23<O�56HJIKg�561¢g�ABOPM>3�HJI�HJI4AB;/ebfÛ7,AD1RCBHJI4AB;�58M2My3658E�7FIK; � �$�$� ��� �D�<� � �D� � 	 e



�9�D�
©q3*Ù<H���3 HJC>EJ; H�A EJ3<58=>36E�7� ¬79AD1GCBHJIKAB;27&HJA M2EJA2NB1K3<O�7ÊADiÛH*L23 ��36E�O�58;�h56H*L236OP5�HJI4gJ5<1* F1�?BOPMBIK58= ������� ¤`I��B36;P5�H � �$�$� ��� �D� ��� �9�$��	 e

Ð e �Q3�HJ3<EJO�IG;>3:561G1yM25<IGE�7
(x, y)

ADi¢EJ3<561y;BC>OSN23<E�7
x
�
y
��LDIKg)L�795�HJIK7*iR?

x3 + y3 = 7
�

xy(x + y) = −2
e

�6���Cµ�'$#�)�+�����'�0 0 '�¹ ��0 ��� �7�3':���6� � �����7����� � ���
� �?�3'5���$0����!� '���º'�� � 0 '7+��w°'���$��#=�
� ���
� �$ "#1'7��� ¶ �:�V´ �������$��# ±�#/² �$0 # � °Q�N°�� ����4
� � � � ; 0?�3# �����$0?��'�0 ´ �=�>µ�'70?� ����+��
� ����'�0?�����$� � ��°!� ' 4��>µ�'�¹ ��0 �6� �7��'5����� �w² 0?����'��>��87°

fw797*C>OS3qH*LB5�H
(x, y)

IG7Q7)Cyg)L�5:M>56IKE[e��¢L236;
(x + y)3 = x3 + y3 + 3xy(x + y) = 1

�
��LDI4g)L�1K3<58=27�H�A

x + y = 1
e��kLDC>7��

xy = −2
e £4H�i�AD1R14A8�:7�H*LB5�H

x
5<;>=

y
58EJ3EJA2A�HJ7QADi

X2 − X − 2 = 0
e��kL23<EJ3�i�ABEJ3B�

(x, y) = (−1, 2)
ABE

(2, −1)
�8��LDIKg)L�5<EJ37,AD1RCBHJI4AB;27#ADi>H*L23:M2EJA2NB1K3<O¬e

Ì e�£t;�H*L23#IK;DHJ3<E�I4ABE/ADi25#H�E�IK5<;>¤`143
ABC

�8g�IGEJg�14367
K1
�
K2
�
K3
�¢58;>=

K4
ADi/H*L23�795<OS3!E�5�=DIGI/58EJ3=>3��y;>3<=�7*Cyg)LÕH*LB56H

K1
�

K2
�q58;>=

K3
HJADCyg)LH���AÖ7)IK=>367�ADixH*L23�H�EJIG58;>¤`1K3h58;>=

K4
HJADCyg)L23<7

K1
�
K2
�B58;>=

K3
�B5<7Q7,L2A8�:;�IG;!H*L23��y¤`C>EJ3>e0>EJA<�B3¿H*LB5�H�H*L23�g*36;DH�EJ3�ADi

K4
IG7Q1KA2g�5�H�3<=AB;�H*L23 1RIK;>3ÛH*LBEJADCy¤6L�H*L23 IK;>g�3<;DH�EJ3Õ58;>=�H*L23g�IKEJg�C>OPg*36;DH�EJ3>e ..................................................................................................................................................................................................................................................................................................................
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N>3@H*L23�g*36;DH�EJ3�ADi/H*L23�g�IGEJg�143

Ki
ÜKi�ABE

i = 1
�
2
�
3
�
4
Ý*�¢58;>=S143`H

ρ
N>3H*L23�g�ABOPOPAB;�E�58=BIRC>7#ADiyH*L23:g�IGEJg�14367<e
)<3�H

γ
Ü�g�3<;DH�EJ3

I
�BE�58=BIRC>7

r
Ý�58;>=

Γ
Ü4g*36;DH�EJ3

O
�E�5�=DIGC>7

R
Ý�=23<;>A�HJ3¿H*L23�IG;>g�IKEJg�1K3:5<;>=!H*L23:g�IKEJg�C>OPg�IKEJg�1K3�ADi 4ABC

�DEJ3<7)My3<gJHJI��B3�1�?be¡kIGEJg�143
K1

IK7¢H*L23wIKO�5�¤63QADi
γ
C>;>=23<EyH*L23QL2ABOSA�H*L23`H�?#��IRH*Lqg*36;DH�EJ3

A
5<;>=¿7,gJ5<1K3i45�gJHJABE

k = ρ/r
2¢L23<;>g�3B� −−→

AO1 = k
−→
AI
�k7,A�H*LB5�H −−→

IO1 = (1 − k)
−→
IA
e:�6IGO�IR1K5<EJ1 ?¢�

−−→
IO2 = (1−k)

−→
IB

5<;>= −−→
IO3 = (1−k)

−→
IC
e/�¢L236EJ36i�ABEJ3D� 4O1O2O3

IK7�H*L23�IKO�5�¤63ADi 4ABC
C>;>=23<EQH*L23�L2ABOPA�H*L23�Ht?P��IRH*LUg*36;DH�EJ3

I
58;>=Ui458gJH�ABE

1 − k
e�£4H#i�AD1R14A8�:7H*LB56HQH*L23�g�IKEJg�C>OPg*36;DH�EJ3PADi 4O1O2O3

�¢;258OP361 ?
O4
�kIK7�H*L23!IGOP58¤63�ADi

O
H*LBEJADCy¤6LH*LDIK7#L2ABOSA�H*L23`H�?bebfw7Q5�EJ367)C21�H,�

O4
�
I
�B58;>=

O
58EJ3:g*AD1R1GIG;>3<5<E,�D587QEJ38ÒDC2IKEJ3<=/e

� �1�3' eh�kL23�g�IKEJg�C>O�E�5�=DIGC>7
2ρ

ADi 4O1O2O3
7)56HJIG7)�y3<7

2ρ =
(

1 − ρ

r

)

R
e

�¢LDC>7`�
ρ =

rR

2r + R

�D5:C>7936iKC21yEJ3<7*C21RH���L236;S=BE�5���IG;>¤xH*L23��k¤`C>EJ32e
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× e��¢L23�g�5�H�36E�MBIG1R1K5<E � �� � "'�0��:�6�?� IK7#7*IRH�HJIG;>¤¿IG;�H*L23�O�I4=2=B1K3�79ÒBC>5<EJ3@ADib5<;

N × NN>AB5<EJ=¢�/��L236EJ3
N
IG7�5<;hA2=2=�IG;DH�3<¤63<E���I�H*L

N ≥ 3
e��¢L23UA�H*L236E¿7,ÒDC>58EJ367@ADi�H*L23N>AB5<EJ=P3<58g)L�g*AB;DH�5<IG;P5:MyAB7*IRHJI �B3¿IK;DHJ38¤636E,�B5<;>=�5<1R1kADiyH*L23<793�IG;DH�3<¤63<E�7Q58EJ3:=BIRß/36EJ3<;DH`e©�C>O�OS36E�795�H�H¢�:5<;DHJ7/H�Aq�y;>=:5F�:5�?:ADß@H*L23xN2AB58EJ=be/�kL23xg�5�H�36E�MBIG1R1K5<E�gJ58;:OPA<�B3�AB;B1�?N>3`H���3836;S5�=91�5�g�3<;DHQ79ÒBC>5<EJ3<7xÜK7,ÒDC>58EJ367qLB5`�BIG;>¤:5!g*ABO�OSAB;P7)IK=>3[Ý*�yABEFADß�H*L23@N>AB5<EJ=i4EJABOÃAB;>3!ADi¢H*L23!ADCBH�36E�OPAB7*HQ79ÒBC>5<EJ3<7`�¢LB5`�BIG;>¤@AB;>g*3@EJ365�g)L23<=U7*Cyg)LS5!79ÒBC>5<EJ3>e- Q;EJ3<58g)LDIK;>¤@5!;>3`��79ÒBC>5<EJ3B��©#C>OPOP3<E�7)56H�H�LB587#H�AU3656HFH*L23@;BC>OSN23<E�AB;PH*LB56H#79ÒBC>5<EJ3>e�¢L23:;BC>OPN>36E

n
��3�I4¤6LB7 1

n

�8¤��B5<;>=�©�C>O�OS36E�795�H�HFg�5<;2;>A�HQ3656H�OSABEJ3qH*LB58;
2
�8¤Be

�Q38g�IK=>3���L23`H*L23<E�;BC>OPN>36E�7#g�5<;�N23�=BIG7*H�E�I4NDCBH�3<=�AB;�H*L23�N>AB5<EJ=!7,A:H*LB5�H�H*L236EJ3IK7Q;>A��:5`?PADßSH*L23:N>AB5<EJ=�i�ABE�©#C>OPOP3<E�7)56H�H
ÜK5�Ý!i�ABE

N = 2003
� Ü�N8Ý�i�ABEw561G1kA2=2=�IG;DH�3<¤63<E�7

N ≥ 3
e

�6���Cµ�'$#*)�+ ���3'70 0 '�¹ ��0 �6� �7��'5����� � �
�&�����6� � ����� �?��'7� �$0����!� '3°
©qADC>7:561G1KAB;27�M>EJADCD�B36E�ÒDCy3B��=B58;27¿143SgJ587:¤.$3<; $36E�5<1t��©#C>OPOP3<E�7)56H�H¿M>36CBH�H�ADCy�

1tADC>E�7�7,ABE�HJIKEF=DC�HJ58NB1K3<56CU7)58;27#O�58;>¤636EFM21RC>7x=23
0, 9

�8¤Be/0BADC>EFg*3�1K5B�>AB;!�D5�CBHJIR1GIG7,36E1K5:O#$3`H*L2A2=>3�M>EJA2NB5�NDIG1RIK7�H�32e�>ADCBHq=k  58N>ABEJ=k�bAB;�EJ36OP5<EJÒBCy3�ÒBCy3D�bÒBC2I�H�H�3 "5�56Cy¤�OS36;DH�36E�1K3�MyADIK=�5`�D5<1+$3B�¢AB;My3�CBHF7*C>M>M>AB7,36EFÒDCy3�14367#3<;DHJIK3<E�7FCBHJIG1RIK79$3<7F7,AB;DH
1
�
2
�
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�
N2 e

 Q;�I4=23<;DHJIR�k3�g)LB5�ÒDCy3@g�5<7,3:5��B3<gQ7,AB;Sg�3<;DH�EJ3@=23�79ABE�HJ3�ÒBCy3D�>7*I
N = 2k + 1

�g)LB5�ÒDCy3�g�5<7,3S3<7�HqC>;�MyADIG;DH:=DChE%$367,365<Ch=>367�M>ADIK;DH�7@3<;DHJIK3<E�7 "5Ug*A2ABEJ=2AB;2;,$38367!=B58;27
I = {−k

� −k + 1
�
. . .

�
k − 1

�
k} e )<3:g�5<E�E%$3�g�3<;DH�E�561¢367*H (0, 0)

e
 Q;h�D5hg�AB;27)IK= $36EJ3<E@1K3<7Pg)L236O�IG;27PM258E�HJ5<;DH�=>3

(0, 0)
3`H!7,ABE�HJ5<;DH�=DCmE%$3<793<56C3<;�;>3�M2587)795<;DHÛÒDCy3&=¢  C>;ÞMyADIG;DH

(x, y)
"5�C>;�M>ADIK;DH¬�BADIG7)IG;

(x′, y′)
HJ361PÒDCy3

|x′| + |y′| > |x| + |y| Ü4M258E�3)Ù836OPMB143D�Q7)I x
�

y > 0
g*3�1K5h;¢  5<CBHJABEJIG7,3hÒBCb  C>;= $36M21G5�g�3<OP3<;DH/�B36E�7

(x +1, y)
ADC:�B36E�7

(x, y +1)
Ý)e��B;@M>5<E�HJIKg�C21GIK3<E9�8C>;�HJ3612g)L23<O�IK;O#"36;>3Q;,$38g�3<7)7956IKEJ36OS36;DH>�B3<E�7/1G5Q7,ABE�HJI43Q36;¿C>;¿;>ABOSNBEJ3F�y;BI8=¢  $3�H�58M>3<7�3`H¢795<;27�N2ADCyg�1432e

)<3�14AB;>¤�=¢  C>;�HJ3612g)L236O�IG;¢�2©#C>OPOP3<E�7)56H�H�793q= $36M21G5�g�3q3<;@EJ3679M>38gJH�58;DH/14367wg�AB;>=BI�HJI4AB;27=>3w1�  $3<;>AB;>g($3D��g*3�1G1K3wIG;>=BIKÒBC,$3<3#g�IK�9=23<7)7)C>7/3�Hy14367�g�AB;DH�E�5<IG;DH�367�M2EJA2N258NBIR1GIG7*HJ3<7b7)C2I �D58;DHJ3<7ÜKIR1¢367*H��BI �B3<OP3<;DHFg*AB;27936IR1G1+$3:=23�i456IKEJ3¿C>;S=23<7)7)IG;�Ý �
• �Q3

(0, 0)
�2IG1bg)L2ADIK7*IRHwC>;�=23<7�MyADIG;DHJ7

(−1, 0)
�
(1, 0)

�
(0, 1)

�y5<;>=
(0, −1)=>3¿i45 �g)AB;/$38ÒDC2IKM2EJA2N258NB1K3>e

• �B  IG1b367*HQ36;
(n, 0)

�>5`�B38g
n ≥ 1

�2IR1>�D5!36;
(n, 1)

ADC�36;
(n, −1)

5��B3<gQC>;>3M>EJA2NB5�NDIG1RIRH%$3�=23 1

2(n + 1)

=25<;27Qg)LB5�g�C>;�=23<7QgJ587`�D3�H/�D5:3<;
(n + 1, 0)

5��B3<g
C>;>3:M>EJA2NB5�NDIG1RIRH%$3:=>3 n

n + 1

e
• �B  IG12367*H�3<;

(n−p, p)
�<5��B3<g

n > p ≥ 1
�<IG1<�D5�36;

(n−p+1, p)
5��B3<g�C>;>3M>EJA2NB5�NDIG1RIRH%$3¿=>3 2(n − p) + 1

2(n + 1)

3�H�36;
(n − p, p + 1)

5��B3<g�C>;>3¿M>EJA2NB5�NDIG1RIRH%$3
=>3 2p + 1

2(n + 1)

e
• �B  IG1b367*HQ36;

(0, n)
�>5`�B38g

n ≥ 1
�2IR1>�D5!36;

(1, n)
ADC�36;

(−1, n)
5��B3<gQC>;>3M>EJA2NB5�NDIG1RIRH%$3�=23 1

2(n + 1)

=25<;27Qg)LB5�g�C>;�=23<7QgJ587`�D3�H/�D5:3<;
(0, n + 1)

5��B3<g
C>;>3:M>EJA2NB5�NDIG1RIRH%$3:=>3 n

n + 1

e
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(0, 0)
Ý�M>5<E#E�5<M>M>ABE�H "5@1K5@7)I�HJC>56HJIKAB;�ÒDC2Ik�DI436;DH=¢  '3�H�EJ3�= $38g*E�IRHJ3�MyADC>E�14367�MyADIG;DHJ7

(x, y)
5`�B38g

x
�

y ≥ 0
e�£�1x367*H@5<1KABE�7�i45�g�IR143�=>3� $36EJIR�k36E#ÒBCy3@7*Ik1�  AB;U;>A�HJ3

p(x, y)
1K5@M>EJA2NB5�NDIG1RIRH%$3@ÒBCy3P©#C>OPOP3<E�7)56H�HQM>5<79793@M258Ew143MyADIG;DH

(x, y) 6= (0, 0)
�B5<1KABE�7

p(x, y) =
1

4(|x| + |y|)
e

�8ADIRH
X
1G5��D5<EJIG5�ND143q561+$3656HJADIKEJ3	$3<¤�5<1K3q56C�M>ADI4=:H�A�H�5<1BOP5<;>¤.$3¿M258EF©#C>OPOP3<E�7)56H�H5<CSg*ADC>E�7#=>3�7,AB;�M,$36EJIGM21K3>e. Q;�;>A�HJ3

E(X)
79AB;P3<7)M,$36E�58;>g�3:O�56H*L!$36OP5�HJI4ÒDCy3>e0BADC>E

(x, y) 6= (0, 0)
�yAB;S;>A�H�3

w(x, y)
1K3�MyADIK=27�56H�H�E�I4NDC $3@56CUMyADIG;DH

(x, y)Ü47*I�1K3S;>ABOSNBEJ3U5�g�g*EJA2g)L $3�"5
(x, y)

3<7�H
n
��AB;�5�=2AB;>g

w(x, y) = 1/n
e �Q3SM21RC>7��AB;hg�AB;��BIK3<;DH,�/MyADC>E¿7*IKO�M21RIG�y3<Ex1K3<7:7,ABO�OP5�HJI4AB;27:ÒBC2I�7*C2I��B36;DH,��ÒDCy3

w(x, y) = 014ABE�79ÒBCy3
(x, y)

;>3:i456IRHwM>5<7�M258E�HJI43�=BCSE%$3<793<56CP�y;BI¢g*AB;27*I4= $3<E%$3`Ý)e  Q;P;>A�H�3�ÒBCy3�M>ADC>EC>;PM>ADIK;DH
(x, y)

=BCPE%$367,365<CSg�AB;27)IK= $36E%$3D�2AB;�5 |x| + |y| ≤ 2k
ef�14ABE�7 �

E(X) =
∑

(x,y)6=(0,0)

p(x, y)w(x, y)

=

2k∑

n=1




∑

|x|+|y|=n

p(x, y)w(x, y)



 =

2k∑

n=1




1

4n

∑

|x|+|y|=n

w(x, y)





≤ 1

4

(

1 +
1

2
+

1

3
+

1

4

)

+
1

8

(
1

5
+

1

6
+ · · · +

1

12

)

+
1

12

(
1

13
+ · · · +

1

24

)

+ · · ·

=
1

4

(

1 +
1

2
+

1

3
+

1

4

)

+
1

8

(
1

5
+

1

6
+ · · · +

1

12

)

+ R
�

A "C
R =

2k∑

n=3

[

1

4n

4n∑

i=1

1

2n2 − 2n + i

] e
 Q;P5 1

4

(
1 + 1

2
+ 1

3
+ 1

4

)
+ 1

8

(
1
5

+ 1
6

+ · · · + 1
12

)
= 143771

221760
< 0, 65

3`H

R ≤
2k∑

n=3

[

1

4n

4n∑

i=1

1

2n2 − 2n

]

=
2k∑

n=3

(
1

4n

)(
4n

2n2 − 2n

)

=

2k∑

n=3

1

2n(n − 1)
=

1

2

2k∑

n=3

(
1

n − 1
− 1

n

)

=
1

2

(
1

2
− 1

2k

)

<
1

4

e
f�IK;27*I

E(X) < 0, 9
e

 Q;�36;�= $38=DC2IRH�ÒDCy3B�bM>5<E�O�I�14367�g)L236O�IG;27�g*AB;27*I4= $3<E%$3<7`�¢IG1�3<;�3)Ù<IK7�H�3�C>;�M>ADC>E143<ÒBCy3�1y1K3:M>ADI4=B7wH�A�H�5<1yO�58;>¤ $3:M258E#©�C>O�OS36E�795�H�HF;>3:= $36M>5<79793:M2587
0, 9

�8¤Be



� � �
Ú e )<3�H

A1
�

B1
��5<;>=

C1
N23hH*L23ÛO�I4=2�MyADIG;DHJ7@ADi�H*L23S7*I4=23<7�ADi�H*L23S5�g�CBHJ38�*58;>¤`1K38=H�EJIG58;>¤`1K3

ABC
e��kL23

6
1RIK;>367 H*LBEJADCy¤6LH*L23<793�M>ADIK;DH�7�M>3<EJMy36;>=BIKg�C21K5<EwHJA!H*L23@A�H*L236E7)IK=>367/OP383`HyIK;�H*L23FM>ADIK;DH�7

A2
�
B2
��5<;>=

C2
�587:79L2A8�:;¬IG;�H*L23��y¤`C>EJ3>e�0>EJA<�B3�H*LB56H�H*L2358EJ365�ADi�H*L23mL23)Ù<58¤6AB;

A1C2B1A2C1B238ÒDC>5<1G7�LB561GibADiyH*L23�58EJ365@ADi 4ABC
e

..................................................................................................................................................................................................................................................................................................................................................................................................................
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
..
.........................................................................................................................................................................................................................................................................................................................................................................................................

...................................................................................................................................
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..

............................................................................................................................................................................................
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..
.
..
.
.
..
.
..
.
..

....................................................................................................................................
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...

A

A1

A2

B

B1

B2

C

C1

C2

�6���Cµ�'$# )$+�� ����-!':�©¹��6�����&� �3'5�2¸ � �6'7��� ��0?�$��� '>�xº'�� � 0 '7+3�w°7�!���!#=���&�&�G� �� "#1'��6�2¶ �:�
´ ����� �$��# �g° » ° �$ "'�'���·��	½������?)��� � "':���/�.-�' � '$�.-!'70?�����!#��&° � '*4��>µ�'R¹��6�����&� �3' � �
² 0?����'��>��87°

�Q3<;>A�HJ3FH*L23Q58EJ365xADi 4XY Z
N<?

[XY Z]
e��6IK;>g�3 4A1B1C1

IG7bH*L23QIGOP58¤63#ADi
4ABC

C>;>=23<E�H*L23�L2ABOPA�H*L23�Ht?���IRH*L�g*36;DH�EJ3:5�H�H*L23:g�3<;DH�EJADIK=�5<;>=�i458gJH�ABE −1
2

�8��3LB5��B3
[A1B1C1] = 1

4
[ABC]

e��6IGO�IR1K5<EJ1 ?¢�8C>7)IG;>¤�H*L23�L2ABOSA�H*L23`H�?
h
��I�H*L�g�3<;DH�EJ3

A58;>=�i458gJH�ABE 1
2

�8��3:LB5`�B3
[AB1C1] = 1

4
[ABC]

e©qA8���w143`H
O
58;>=

H
N23UH*L23�g�IGEJg�C>OSg�3<;DH�EJ3¬5<;>=ÕABE�H*L2A2g*36;DH�EJ3�ADi 4ABC

�EJ3<7)My3<gJHJI��B3�1�?be�©qA�HJ3wH*LB56HyH*L2367,3QM>ADIK;DH�7�5<EJ3FIK;DHJ3<E�I4ABE>H�A�H*L23Q58g�CBH�3<�)5<;>¤`143<= 4ABC
e

)<3�H�HJIG;>¤
ha
N23¿H*L23�1K3<;>¤[H*L�ADiyH*L23�5<1�HJIRHJCy=23�i4EJABO

A
H�A

BC
IK; 4ABC

�<��3:LB5��B3
[BHC] = 1

2
· BC · (ha − AH) = [ABC] − 1

2
BC · AH

e
ª#7)IG;>¤xH*L23q��361R14�)��;>A8�:;�EJ361G56HJIKAB;

AH = 2OA1
�8��3�=238=DCyg*3¿H*LB5�H

[BHC] = [ABC] − BC · OA1 = [ABC] − 2[OBC]
e

 #N2793<Et�DIK;>¤�H*LB56H
h(H) = A2

ÜR��L236EJ3
h
IG7qH*L23�L2ABOSA�H*L23`H�?¬=236�>;>38=�58N>A6�B3`Ý��k��3A2NDH�5<IG;

[B1A2C1] = 1
4
[BHC] = 1

4
[ABC] − 1

2
[OBC]

e
£t;�H*L23P795<OS3@�:5�?k�¢��3SgJ58;¬7,L2A8�ÞH*LB5�H

[C1B2A1] = 1
4
[ABC] − 1

2
[OCA]

5<;>=
[A1C2B1] = 1

4
[ABC] − 1

2
[OAB]

ew£4H�i�AD1G1KA8�:7�H*LB56H
[A1C2B1A2C1B2] = [A1B1C1] + [B1A2C1] + [C1B2A1] + [A1C2B1]

= 1
4
[ABC] + 3

4
[ABC]

− 1
2
([OBC] + [OCA] + [OAB])

= [ABC] − 1
2
[ABC] = 1

2
[ABC]

�
587QEJ38ÒDC2IKEJ3<=/e
Î e�£�i

n
IG7:5UM>AB7)I�HJI��B3�IG;DH�3<¤63<E9��143`H

a(n)
N23�H*L23P79O�5<1R14367*HqMyAB7*IRHJI �B3P;BC>OPN>36E¿i�ABE��LDI4g)L (

a(n)
)
!
IK7#=DI��DIK7*I4ND143:N<?

n
e �Q3`H�36E�O�IK;>3�5<1R1yMyAB7*IRHJI �B3¿IK;DHJ38¤636E�7

n
7)56HJIG7)iR?DIK;>¤

a(n)

n
=

2

3

e
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n = 9
e�©qA�HJ3#�yE�7�H¢H*LB56H¢H*L23x¤`I��B36;@g*AB;>=DIRHJIKAB;:IG7�7)IGOPMB1�?

3a(n) = 2n
�¢��LDI4g)L�IGOPMB1GIK3<7

3 | n
eS�83�H�HJIG;>¤

n = 3k
�k��3PLB5��B3

a(3k) = 2k
e¡k1K3<5<EJ1 ?¢�

k 6= 1
7*IK;>g�3

a(3) = 3
e �BABE

k ≥ 2
�w��3�LB5��B3

3k | (2k)!
��7*IK;>g�3

(2k)! = (2k) · · · 2 · 1
g�AB;DHJ56IK;27qH*L23P793<M258E�5�H�3�i458gJH�ABE�7

k
58;>=

3
3,�B36;�IGi

k = 3
e

�:A8��3,�B36E,��IGi
k > 3

�8H*L23<;
(2k − 1)! = (2k − 1) · · · k · · · 2 · 1 561K79A�g�AB;DHJ56IK;27�H*L23=BIG7*HJIG;>gJH�i45�gJHJABE�7

k
58;>=

3
�B58;>=PL236;>g*3D�

a(3k) < 2k
e��IG;25<1R1�?k�Di�ABE

k = 3
����3:LB5`�B3

a(9) = 6
�B7*IK;>g�3

9 | 6!
NDCBH

9 - 5!
e��¢LDC>7`�

n = 9
IG7wH*L23�AB;B1 ?�79AD1GCBHJIKAB;/e®

ex0>EJA6�B3�H*LB5�H�H*L23<EJ3:58EJ3�IK;B�>;BIRHJ361 ?�OP5<;�?PM25<IGE�7
(a, b)

ADibM>AB7)I�HJI��B3¿IK;DHJ38¤636E�7F��I�H*L
a > b

LB5��DIK;>¤xH*L23�i�AD1R14A8��IG;>¤¿M2EJABMy36E�HJIK3<7��ÜGI�Ý@H*L23�¤�EJ3656HJ3<7�HFg*ABO�OSAB;P=DI��DIK79ABEwADi
a
58;>=

b
3<ÒBC>561K7

1
2ÜKIRI�Ý

a
IK7Q5�=BI �BIG7,ABEwADi

b2 − 5
eÜKIRIGI Ý

b
IK7Q5�=BI �BIG7,ABE�ADi

a2 − 5
e
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)<3�H
(a, b)

N>3:5@M25<IGEQADibM>AB7)I�HJI��B3¿IK;DHJ38¤636E�7F��IRH*L
a > b

e � 3:�>E�7*Hw7,L2A8�&H*LB5�H
(a, b)

7)56HJIG7)�y3<7QÜKI Ý*�2ÜGIGI Ý*�B5<;>=PÜKIRIGI Ý/IGi¢5<;>=PAB;B1�?!IRi
a2 + b2 − 5

IG7Q5:O�C21�HJIKMB143:ADi
ab
e�6C>M>M>AB7,3xH*LB5�H�ÜKI Ý*�DÜKIRI�Ý���58;>=�ÜGIGIRI�Ý/L2AD14=be��kL23<;

b2 − 5 = λa
58;>=

a2 − 5 = µbi�ABE¿7,ABOP3�IK;DHJ38¤636E�7
λ
5<;>=

µ
e#��3<;>g�3B�

ab2 − 5a = λa2 = 5λ + λµb
e��kLDC>7��

b(ab−λµ) = 5(λ+a)
e�£�i

5
=DI��DI4=23<7

b
�[H*L23<;¢��7)IG;>g*3

a2 = 5+µb
�`I�Hki�AD1R14A8�:7yH*LB56H

5=BI �BIK=>367
a
�<g*AB;DH�E�58=BIKgJHJIK;>¤#ÜGI�Ý)e/�kL23<EJ3�i�ABEJ3B�

5
=DI��DI4=23<7

ab−λµ
e/�kL23<;

ab−λµ = 5ki�ABE�7,ABOP3�IG;DH�3<¤63<E
k
�85<;>=���3xLB5��B3

b(5k) = 5(λ+a)
2�H*LB56H/IK7`�

λ = bk −a
e/�¢L236;

b2 − 5 = (bk − a)a
28H*LB5�H�IK7`�

a2 + b2 − 5 = kab
e¡bAB;��B36E�7,3�1�?k�¢7)C>M2MyAB793@H*LB56H

(a, b)
795�HJIK7*�k367

a2 + b2 − 5 = kab
i�ABE#7,ABOP3IK;DHJ38¤636E

k
e�¡bAB;>=DIRHJIKAB;27�ÜGIGI Ý>5<;>=�ÜKIRIGI Ýyg�1K3<5<EJ1 ?�L2AD1K=/e�£�i

d = gcd(a, b)
�[H*L23<;

a = da′58;>=
b = db′ 58;>=P7,A d2a′2 + d2b′2 − 5 = kd2a′b′ ex£4HFi�AD1G1KA8�:7FH*LB56H d2 =DI��DI4=23<7

5
58;>=

d
O�C>7*HFN23

1
�DIGOPMB1�?DIK;>¤xH*LB5�HFg*AB;>=DIRHJIKAB;PÜKI Ý�L2AD1K=27Q587���3�1G1�e©qA8���B7)C>M2MyAB793¿H*LB5�H

(a, b)
7)56HJIG7)�y3<7

a2 + b2 − 5 = kab
i�ABEw79ABOS3¿IK;DHJ38¤636E

k > 1
e ��EJABO

(ak − b)2 + a2 − 5 = ka(ak − b)
�B��3�7,3<3:H*LB5�H

(ak − b, a)
IK758;>A�H*L236E/M>56IKEb7)56HJIG7)iR?DIK;>¤�H*L23xg�AB;>=BI�HJI4AB;276e���H�58E�HJIK;>¤���I�H*LqH*L23�M25<IGE

(4, 1)
ÜGi�ABEk��LDIKg)L

k = 3
Ý���58;>=@5<M>MB1�?DIK;>¤�EJ3<M>3<5�H�3<=B1 ?:H*L23�H�E�5<;27)i�ABEJOP5�HJI4AB;

(a, b) → (ak − b, a)
����3A2NDH�5<IG;:5�7,3<ÒBCy36;>g*3xADiB=BIG7*HJIG;>gJH/M25<IGE�7�H*LB5�H/5<EJ3�79AD1GCBHJIKAB;27<e/�<My3<g�IG�yg�561G1 ?¢��143`H

a1 = 4
�

b1 = 1
58;>=

an+1 = 3an − bn
�
bn+1 = an

i�ABE�5<1R1
n ∈ � ��H*L236; an < an+1

i�ABE5<1R1
n
58;>=

(an, bn)
7)56HJIG7)�y3<7�5<1R1kH*L23�g�AB;>=BI�HJI4AB;276e �k367)IK=>367��>I�HQIG7q3<5<7)IR1�?P7,3<3<;PH*LB5�H

an = L2n+1
5<;>=

bn = L2n−1
��L236EJ3 {Ln} IK7FH*L23�)�CygJ587�7938ÒDCy3<;>g�3@=>3��y;>3<=SN<?

L0 = 2
�
L1 = 1

58;>=
Ln+1 = Ln + Ln−1

i�ABE
n ∈ � e

�¢LB5�Hqg�ABOPMB143`H�367�H*LDIK7q;BC>OSN23<ExADi/H*L23 ¶���0 ��'�0 e�021K3<5<7,3!793<;>=�?BADC>E�;BI4g�3�79A2�1GCBHJIKAB;27�5<;>=U¤636;>3<E�561GI�Ñ*56HJIKAB;27#M>EJABO�MBHJ1 ?S7*IK;>g�3�£�7*H�58E�HwC>7)IG;>¤q?BADC>EFOP5�H�36EJIG5<1k5�N2ADCBH36IK¤6L�HFOPAB;DH*LB7#56iGH�36E�H*L23�M>EJA2ND1436O¦793�H�7Q58M2My3658E�IG;!H*L23 ¶���0 ��'�0 e
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� 0 ��� ; � )<3`H
M
N23qH*L23�O�I4=2�)M>ADIK;DHwADi

XY
��1K3�H

O
N23qH*L23:g�3<;DH�EJ3:ADi>H*L23�g�IKEJg�1K3B�D5<;>=143`H

F
N>3¿H*L23¿IK;DHJ3<E�7938gJHJIKAB;PADi

PO
��IRH*L

ST
e��kL23<;

1

PX
+

1

PY
=

PX + PY

PX · PY
=

2PM

PX · PY

e
�¢L236EJ36i�ABEJ3D�>3<ÒBC>5�HJI4AB;PÜ7&[Ý�IK7#3<ÒBC2I �D5<1K3<;DH�HJA 2P M

P X · P Y
=

2

P Z

2<H*LB56H�IG7
PM · PZ = PX · PY

e Ü � Ý
¡k1K3<5<EJ1 ?¢��H*L23�MyADIG;DHJ7

Z
�
F
�
O
�B58;>=

M
5<EJ3�g�AB;>g�?Bg�1RI4g�e��kLDC>7��

PM · PZ = PF · PO = PS2 �N>3<g�56C>7,3 4PSF
IK7x7*IKO�IG1G58EwH�A 4POS

e:�6IG;>g*3
PS2 = PX · PY

�2��3!LB5��B3�Ü � Ý58;>=!H*LDC>7#Ü7&[Ý,e©qA8����3�HJC>EJ;�ADC>E�5�H�H�36;DHJI4AB;:H�A:H*L23¿¤`I��B36;�M2EJA2NB1K3<O¬e�¡y143658E�1�?k�
E
58;>=

F
58EJ3H*L23�IG;DH�36E�7,3<gJHJI4AB;27QADi>H*L23:g�IKEJg�1K3:LB5��DIK;>¤

BC
587Q=BIG58OP3�HJ3<E���I�H*L@H*L23¿1RIK;>367

AC
5<;>=

AB
�bEJ3679M>38gJHJI �B361 ?/e!£4H#i�AD1R14A8�:7#H*LB56H

∠ABC = 180◦ − ∠FEC = ∠AEF
e� Q;H*L23�A�H*L236E�LB58;>=k�D7*IK;>g�3 4BDF

IK7�IK79AB7,g�361K3<7`����3¿LB5`�B3
∠ABC = ∠BFD

e/�kLDC>7��
∠AEF = ∠BFD

e��6IKO�IG1G58E�1�?k�
∠AFE = ∠DEC

e
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)<3�H
Γ
N>3 H*L23 g�IGEJg�C>OSg�IGEJg�143 ADi

4AEF
e �B?�H*L23P�25<;>¤63<;DH*�)¡bL2ABEJ=��¢L23<�ABEJ3<O�����3:7,3<3¿H*LB56H

DF
IK7FH�58;>¤636;DH�H�A

Γ56H
F
58;>=¬H*LB5�H

DE
IK7�HJ5<;>¤63<;DH¿HJA

Γ
56H

E
e )<3�H

A′ N23�H*L23P7,3<g*AB;>=¬M>ADIK;DH¿ADi�IG;>�H�36E�7,3<gJHJI4AB;�ADi
DA

��IRH*L
Γ
ekfwM>MB1�?DIK;>¤wH*L235�N2A<�B3�1K3<O�OP5¿HJA

Γ
�<��3�A2N�HJ56IK;

2

DP
=

1

DA′ +
1

DA

e Ü � Ý
)<3�H

r = DB = DE = DF
e�¢L236;

DA′ · DA = r2 eh�6IG;>g*3���3U5<EJ3¤`I��B36;xH*LB5�H
AD =

√
3r
�,��3F=>3<=BCyg�3�H*LB56H

DA′ = r/
√

3
e��EJABOÓÜ � Ý*�8��3:LB5��B3

2

DP
=

√
3

r
+

1√
3 r
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A

A′

B CD

E

F

P

Γ

�¢L236EJ36i�ABEJ3D�
DP = (

√
3/2)r = 1

2
DA

�>��LDI4g)LUOP3<5<;27xH*LB5�H
P
IG7xH*L23!O�IK=>�*MyADIG;DHADi

AD
e
� ±�#�° � �B?�EJ3��y;BIG;>¤�H*L23!58EJ¤`C>OP3<;DH�56HQH*L23�3<;>=�ADibH*L23�M2EJA2ADi��bAB;>3�gJ58;�7,L2A8�H*LB56H

AD =
√

3
2

BC
IGi¢5<;>=PAB;B1�?!IRi

P
IK7wH*L23�O�IK=>�*MyADIG;DHFADi

AD
e�¢L23�5�N2A<�B3�M2EJA2ADi#5<797*C>OS367�H*LB5�H 4ABC

IK7@5�g�CBHJ38�*58;>¤`1K38=be �:A8��3,�B36E,��IRiH*L23<EJ3SIG7@5<;ÛA2N�HJC>7,3S58;>¤`1K3U5�H
B
ABE¿56H

C
�/H*L23UEJ3<7*C21RH¿IG7@7�HJIG1R1��D561GIK=/e��kL23U5�N2A<�B3M>EJA2ADi�3)Ù6H�36;>=27qHJASH*LDIK7�g�5<7,3�N<?�7)IGOPMB1�?�OSA2=DIGiR?DIK;>¤�H*L23�58EJ¤`C>OP3<;DHxC>7938=SH�A�7,L2A8�H*LB56H

DE
58;>=

DF
58EJ3qHJ5<;>¤63<;DH�H�A

Γ
e 	

���������	��
������������������������ ��!"��#%$&('�)+*-,/.103240%5768��9��"0�.4&(:1&<;=0�� &>*�?A@�?CBD0�.�EF
B�,G5G6A�H,I&>J019��H,I$%��KC.�,IL$%�M#N,8OA)�F�BD0�O8$-�H58�1��FQPSR3�

T�UGV<WYX�ZGZ[]\�Z_^�`�U/\�V1[CUGVYV<\�V<aNV<bc%X�`�U d�b�UGV�`ebc�bfH[C`�\g` h1bSiA\�Z_Z/\�jYUGV<cgklU/\�m<h�X�V�`�UGV<b
b�n�^<X�`�U7\�V1[ �
o X%p

5m + 3m = 2k q oAr p ? 5m + 3n = 2k
�

o X-pts ��u�!"��#N,8O8$	��6�#N,7u(,G570��v#%�5M91O7,I��.1#�'�)D24�H,70�.(wY?�2x$%0�#N5I$-)FC��� $-#%'�)�O8$-�H,/0. s �5G5I$-E�$-F
s 5G,7.COI��.1F�y s F�K"y{zQ|=0.v&}w=0�L-,I&~:4?��}0.v${#�F�yCKtR���0�ODPt.v$��.CO70F3Pt.4$���.vO/0�FDR��1F
K"y{z��

� \�`�bD��fH[e`Q` h�X�`Q` h1b�f�b�X�f�b�V<\+[�\�ZG^�`�U7\�V1[lj�h1bV
k = 0

�	� `SUG[	X�Z7[�\��eZ7bXfQ` h�X%`
(m, k) = (0, 1)

XV<W
(1, 3)

Xf�b�[�\�ZG^�`�U7\�V1[ ��� b�V<\�j�[]h1\�j�` h�X%`�` h1b�f�b�X�f�b�V<\
\�` h1bfQ[]\�Z_^�`�U/\�V1[ �

� ^<m<m<\�[]b
m ≥ 2

��� h1bV
k ≥ 6

� � UGV<� b
2k ≡ 0 (mod 16)

iA\�f
k ≥ 4

� j�b
h�X%d�b

5m + 3m ≡ 0 (mod 16)
�

�D\�j�b]d�b�f � ` h1bYZ/b�X�[e`lV<\�V<a V<b�c%X%`�U�d�bDf�b�[NU7W�^�b�[	\�i
5m � \1W�^1Z7\

16
iA\�f

m ≥ 1X�f�b
5
�
9
�
13

� X�V<W
1
� j�h�U/�Nh�f�b�m�b�X�`YUGV��M���eZ7b[�\�iSZ7bV<c{` h

4
� j�h�U_Z/b�` h1\�[�b�\�i

3mX�f�b
3
�
9
�
11

� XV<W
1
� j�h�U7�Nh�XZG[]\�f�b�m�b�X�`gUGV��8���eZ/b�[D\�itZ7bV<c{` h

4
��� \�V1[�b�n�^�bV�`�Z � �

5m + 3m ≡ 8 (mod 16)
\�f

5m + 3m ≡ 2 (mod 16)
� XV<W�\�^<fl�eZGXU � iA\�Z_Z/\�jD[ �
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Ü�N8Ý �6�������������/)�+ � '70 � '$#1'5� � ��$����-!' �7¹ '��=�����$�x´(�6�Cµ�'�0�� ��#=�6#o¶��� 8 ������'��6��'5� � �6#=0?��#��
��8!�����6� �������$0�¶=�����$0 0?�7¸(�� �
 0 ' � �w´ �=�>µ�'70?� �3#=�=#"#1'�����¸!���.³��
� �=�$4�0 ����!�$� ��8!�����6� �$��#
� ��� �='5�c¹ '7�6�3�3� � ����!� � �$��#�±= � �&��� ��'70 ������!#1' ��� ��0?�
�&���t± � �$�
4$�
�
����� �=�$4�0 ����!�$�
��8!�����6�! "��#$��%!'$#*)�+ �.-!'/'�#$������0 e

£�i
n
IK7:3,�B3<;¢�b��3SLB5`�B3

5m + 3n ≡ 1m + (−1)n ≡ 2 (mod 4)
e��6IK;>g�3

2k ≡ 2 (mod 4)
IRi�5<;>= AB;B1�?hIRi

k = 1
��H*L23�C>;BIKÒBCy3�7,AD1RCBHJI4AB;hi�ABE

n
3,�B3<;ÛIG7

m = n = 0
5<;>=

k = 1
e

)<3�H
n
N>3�A2=2=/e��BABE

m = 0
�>��3!LB5��B3�HJAS�>;>=U7,AD1RCBHJI4AB;27#HJA

1 + 3n = 2k e
�:A8��3,�B36E,�*)<3<A �:3<N2EJ3�C>7#Ü4ABE )<3,�BIyN23<;���3<E�79AB;¢� &��<§R¨xg�3<;DHJC>Et?8Ý�M2EJA<�B3<=@H*LB56H�i�ABE�5<1R1
n > 2

�DH*L23:IK;DHJ38¤636E
3n ± 1

LB5<7�5<;UA2=2=S=BI �BIG7,ABE>2>L236;>g*3D�BH*L23:C>;BI4ÒDCy3@7,AD1RCBHJI4AB;PADi
1 + 3n = 2k i�ABE m = 0

58;>=
n
A2=2=�IG7

n = 1
58;>=

k = 2
e©qA8����3!587)7)C>OP3�H*LB56H

m > 0
e	�B?�g*AB;27*I4=23<E�IK;>¤:H*L23�38ÒDC>56HJIKAB;�OSA2=DC214A

3
���3�A2NDH�5<IG;

(−1)m ≡ (−1)k (mod 3)
�2��LDI4g)LPIKO�M21RI4367�H*LB5�H

m
58;>=

k
LB5`�B3@H*L23795<OS3�M>5<EJI�H�?be  Q;�H*L23PA�H*L236EqLB5<;>=¢��N<?¬3*Ù<58O�IK;BIG;>¤@H*L23P3<ÒBC>5�HJI4AB;�OSA2=DC214A

5
�k��3¤63�H

2k ≡ (−2)n ≡ −2n ≡ ±2 (mod 5)
�

7)IG;>g*3
n
IK7#A2=2=/e��¢LDIG7QIGOPMB1GIK3<7wH*LB5�H

k
IG7#A2=>=�Ü45<;>=!H*L23<;�7,A@IK7

m
Ý9e©qA8��7)C>M2MyAB793QH*LB5�H

m ≥ 3
58;>=

n ≥ 3
Ü���LDI4g)L�OS3658;27�H*LB5�H

k ≥ 7
Ý9e��83`H�HJIK;>¤

A = 22276800 = 26 · 32 · 52 · 7 · 13 · 17 �<��3�g)L238g)�83<=�N<?�5:g�ABOPMBCBH�36E�M>EJA2¤�E�5<OH*LB56H#H*L23<EJ3�5<EJ3�;>A�79AD1GCBHJIKAB;27�ADi
5m + 3n = 2k OSA2=DC214A A

i�ABEqA2=2=¬3*Ù�M>AB;>3<;DH�7
m ≥ 3

�
n ≥ 3

�D58;>=
k > 7

ÜGH*L23�g)L238g)�<IK;>¤xIK7F5 �9�>;BIRHJ3
�
M2EJA2NB1K3<O��B7*IK;>g�3

551 ≡ 53

(mod A)
�
3243 ≡ 33 (mod A)

��58;>=
2127 ≡ 27 (mod A)

Ý)e¬�¢L236EJ36i�ABEJ3D����3O�C>7�HFLB5��B3�3�IRH*L236E
m = 1

ABE
n = 1

e
)<3�H

n = 1
e � 3FO�C>7�Hk14A2A2�Fi�ABEk7,AD1RCBHJI4AB;27/ADi

5m+3 = 2k ÜRH*LDIK7/M>EJA2ND1436O��:5<7M>EJABM>AB7,3<=�AB;!H*L23>p�p#£�£��<M258;BIG7,LS�h56H*L236OP5�HJI4gJ5<1* F1 ?2O�M2IG5�=8Ý9e�ª#7*IK;>¤�H*L23�OSA2=DC21GC>7
B = 65792 = 28 · 257

�¢��3P5�¤�56IK;�C>7,3<=�5Ug�ABOPMBCBH�36ExHJA¬793<5<EJg)L�i�ABEq79AD1GCBHJIKAB;27OSA2=DC214A
B
ÜK5�¤�56IK;¿H*L23xg)L238g)�<IK;>¤QIG7�5 �9�>;BIRHJ3

�
M2EJA2NB1K3<O��87*IK;>g�3

5256 ≡ 1 (mod B)58;>=
225 ≡ 29 (mod B)

2<iKC>E�H*L236E�OPABEJ3B�
9
IG7�H*L23q7)OP561G1K3<7�H�M>A8��3<E�ADi

2
��L236EJ3xH*L23EJ3<O�5<IG;>=>36E�7qOSA2=DC214A

B
N>3<¤`IK;PH�APEJ3<M>3<5�H�Ý9ex�¢L23�g�ABOPMBCBH�36E#M>EJA2¤�E�5<O¦?BIK361K=>3<=PH*L23i�AD1G1KA8��IK;>¤xi�ADC>EFgJ58793<7Fi�ABE
n = 1

58;>=
m > 0

�

(m, k) ∈ {(1, 3)
�
(3, 7)} e�6IK;>g�3SH*L23P�D561GCy367@i�ABE

k
1RI43SIG;�H*L23�;>AB;>�)M>3<E�I4A2=DI4g�793�H:ADiQEJ3<O�5<IG;>=>36E�7�ADiQM>A8��3<E�7ADi

2
OPA2=BC21KA

B
�b��3S79383�H*LB56H

k = 1
ABE

k = 7
e��¢LDIG7@¤`I��B367:C>7�H*L23S79AD1GCBHJIKAB;27

(m, n, k) = (1, 1, 3)
58;>=

(m, n, k) = (3, 1, 7)
e �8C>E�H*L236E�OPABEJ3B�¢5<;�?�A�H*LB3<E#79A2�1GCBHJIKAB;27#O�C>7�HQLB5`�B3

m ≡ 1 (mod B)
ABE

m ≡ 3 (mod B)
ew�6IK;>g�3�H*L23:79O�5<1R14367*H�D5<1RCy3<7Qi�ABE

m
A�H*L236E�H*LB5<;

1
ABE

3
5<EJ3�7)IK¤�;BIG�yg�5<;DHJ1�?!H�A2A!1K5<EJ¤63�HJAPLB5��B3�5�7,AD1RCBHJI4AB;¢�H*L23<793:5<EJ3¿H*L23:AB;B1�?�7,AD1RCBHJI4AB;27wi�ABE
n = 1

e
)6587�HJ1�?k�<��3#��IG1R1y3*Ù<58O�IK;>3

m = 1
5<;>=

n ≥ 3
e/�¢LDIG7�HJIKOP3B�6��3qC>7,3xH*L23¿OPA2=>�C21GC>7

C = 26 ·34 ·17 i�ABE�ADC>E�g*ABO�M2CBHJ3<E�g)L23<g)�ke, Q;>g�3xOSABEJ3#H*LDIG7wN238g�ABOS367�5��y;BI�H�3M>EJA2ND1436OÈ7)IG;>g*3
321 ≡ 35 (mod C)

58;>=
2223 ≡ 27 (mod C)

2>iKC>E�H*L23<EJOSABEJ3D�
558;>=

7
58EJ3#H*L23x7)OP561G1K3<7�H�M>A8��3<E�7wADi

3
5<;>=

2
��EJ3679M>38gJHJI �B361 ?¢����L236EJ3#H*L23xEJ3<O�5<IG;>=>36E�7N>3<¤`IK;¬H�A¬EJ3<M>3<5�H`e¬�kL23�AB;B1 ?�7,AD1RCBHJI4AB;�OPA2=BC21KA

C
H*LB56HxH*L23UM2EJA2¤�E�58O ¤63<;>36E�56HJ38=�:587

(n, k) = (3, 5)
e��kLDIK7w?BIK361K=27wH*L23�79AD1GCBHJIKAB;

(m, n, k) = (1, 3, 5)
eF�6IK;>g�3�H*L23
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MyA8��36E�7@AB;�N>A�H*L

2
58;>=

3
5<EJ3�IK;�H*L23P;>AB;>�)M>3<E�I4A2=DI4g¿7,3`H�ADi�EJ3<O�5<IG;>=>36E�7@ADi�H*L23�IKEEJ3<7)My3<gJHJI��B3�MyA8��36E�7���H*L236EJ3:5<EJ3:;>A!iKC>E�H*L23<Ew7,AD1RCBHJI4AB;276e£t;@g*AB;>g�1RC>7)IKAB;¢��H*L23<EJ3�58EJ3x3*Ù<5�gJHJ1 ?��B�B3�79AD1GCBHJIKAB;27/H�A

5m +3n = 2k �<;25<OS3�1�?!�
(m, n, k) ∈ {(0, 0, 1)

�
(0, 1, 2)

�
(1, 1, 3)

�
(3, 1, 7)

�
(1, 3, 5)} e

O ��� ��� �����  ���������!���"����3@ 8J2��,L?H + �*6��&8NHCH>L/)&5 � � ���C) 0 � ��� � �.1#5= A<�+ �&5+ �*5��)*H �/� ��� �����
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��� � � ��� ���Y)
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5 �����NM�� O �  ���#P�����" ���Q)(2��=)&" 9��(1AS �&H>6��'L�5 E �&%' #"�9I)&" � � �� � �����>X/��
 � ���	� ��
�)(8 � � � � � � � V�) ������� � � � 1
E/ AL?HG9>2��'H> =9C+�L?5=;�) +������	� " �Y)4%'<�)A"�9 �1 H>8����! #"4) O��� VU2���
 
 ��� ���D�!2��� ��YX �Y)S � � � ���A�%��!����C)�0�HI)
"�9 �1�����" � M ������� � ��������#

+ �����	�� � � �����	���	� ������"��DM � � � M �%��������� ����� � � ����� �	� 
�� M �����N-�� �	�  � �DM��� !����������� ����� ���&M ���NM������
" ������� 
 � � ��" �C� ��!���#

6FM�������������� ������� M �� � � ��������� ��� � �CX ��� �DM�� � ���� � � � ��� � ���DM � � �%� ����������" ���#M � !��%�DM��%� ��
�� � � ���
�������� ����� ����� � ���  � ��� �� �IW ��"�# S ����� �� �FX � W � ����� �DM�� ��" �  ��� # S � �%� ���"�� � ������� � ����� � ��� ��������� " ��� �
�	� �  "�����" �%����� ��� ������� M � ����� �  � �&M ���NM�� ��� � " � � ����" ��� � ��� �	��
�� ��������!���� � � ����� ����� #

�������D���H
��������4
������x
	��� q 
��������
	�1
������N��!"��#-$�&�'�)>� ,����v$]5S240�O/0%,G5_58${F��"��9�$-.1F
� �H0�.�� $��

�b%`
ε
r bl` h1b=b%ZGZ_U7m1[]b x2

a2
+

y2

b2
−1 = 0

�C� j�\�m<XfHXZ_Z/b%Z�`HX�V<c�b�V�`�[C`�\
ε
UGV�`eb�fH[]b��`

XY` h�UGf�W�`�XV<c�bV�`lX�`
M1(x1, y1)

XV<W
M2(x2, y2)

� � h1\�j ` h�X%`t` h1b�d�X�ZG^�bD\�i
(

x2
1

a2
+

y2
1

b2
− 1

)(
x2

2

a2
+

y2
2

b2
− 1

)

U7[SUGV<W<b�m�b�V<W<b�V�`=\�i<` h1b��Nh1\�[�bV�`HX�V<c�b�V�`�[ �

��� ��y��5M91O7,I��.�'�) �? z�? *!�10#NF#"$�v$-.CO	KC.�,IL$%�M#N,8OA)�F%"$�4$%.vO/Ft2x$]57E%,H9u��
� h1b�W<b�[NUGf�b�W f�b[ ^1Z_`YU7[�X��e\�V1[]bn�^�b�V<� b�\�i�m<f�\�m<bfM`�U/b�[+\�i�m<f�\�&Ib��`�U�d�b�� \1\�fea

W�UGV1X�`�b[�UGV�`eb�fem1f�b%`�b�W�U7V�` h1b>X!'�V<b�m1ZGX�V<b �)( ^<fD� \�V�U7��W<b%��V<b�[3X #	�M0�570��g!v�N�1&49*��O
r b-`Mj�b�b�V(` h1bYm�\�UGV�`�[

M1 = (x1, y1)
XV<W

M2 = (x2, y2)
r �

〈M1, M2〉 =
x1x2

a2
+

y1y2

b2
− 1

�

� h1b�f�b�U7[QZ_U,+�b{jYU7[�b�X�[��eX�Z7Xf m<f�\1W�^���`lW1b��<V<b�W r ��` h1b�W�^<X�Z��e\�V�U/� o � \ � m�\�[�b�W�\�i1` h1b
`�XV<c�bV�`H[�`�\>` h1b�� \�V�U7�Hp r b%`Mj�bbV�m<X�U7fH[D\�i Z_U7V<b�[ � U_i

Li = [ui, vi, wi]
f�bm1f�b[�bV�`

` h1bYZGUGV<b[
uix + viy + wi = 0

iA\�f
i = 1

X�V<W
i = 2

� ` h1bV

[L1, L2] = a2u1u2 + b2v1v2 − w1w2

�
- m1XUGf3\�i=m�\�UGV�`�[(\�f�X�m1XUGf3\�i�ZGUGV<b[�X�f�b�� \�V.&/^�c%X%`eb�UGi=X�V<W}\�V�Z � U_i�` h1b%U7f�[��eX�Z7Xf
m<f�\1W�^���`SUG[0/Nbf�\ �0( V<b�bX[NU_Z��+[�h1\�jD[S` h�X%`Q` h1bDZGUGV<b1&I\�U7V�UGV<c

M1
`�\

M2
UG[S`�XV<c�bV�`

`e\3` h1bD� \�V�U7�lUGi4X�V<W�\�V�Z �(U_i

〈M1, M1〉〈M2, M2〉 − 〈M1, M2〉2 = 0
� o � p
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Ü��83<3B�¢i�ABEq3*Ù<58O�M21K3B�,��eR�>e4��e/¡bA`Ù83`H�36E,� �
-!'1¸'7�
� � 0 �.³ '��>���>µ�' �����$��' � � EJ=�38=DIRHJIKAB;¢�i�ABE�O�C21K5 & � e � �@AB;�M25�¤63 & � � �Di�ABE�H*L23:=>3`HJ56IG1G7<e Ý£t;�H*LDIK7�;>A�H�56HJIKAB;¢�k��3�5<EJ3PEJ3<ÒBC2IGEJ38=�HJA�7,L2A8��H*LB56H 〈M1, M1〉〈M2, M2〉 IG7IK;>=23<M>3<;>=23<;DH�ADiBH*L23¿g)L2AB793<;:HJ5<;>¤63<;DH�7<e � 3#��IR1G1B79L2A8��H*LB5�H,�8i�ABE�561G12g)L2ADIKg*367FADiBH*L23H*LBEJ383xHJ5<;>¤63<;DH�7�� 〈M1, M1〉〈M2, M2〉 = 1

e�£t;��BIK3`�&ADikÜ7&[Ý�58N>A6�B3B�<��3�LB5`�B3�AB;B1�?H�A�79L2A8��H*LB5�H 〈M1, M2〉2 = 1
e¡bAB;27*I4=23<EhH*L23&M>5<E�5<1R143�14A2¤�E�5<O i�ABEJOS3<=¦N<?�H*L23�¤`I��B36;¦M258E�561G1K361�HJ5<;>¤63<;DH�7H�A2¤63`H*L23<EF��IRH*LPH*L23!H*LDIGEJ=UH�58;>¤636;DHq5<;>=UH*L23@HJ5<;>¤63<;DHxM258E�561G1K361bHJAUI�H`e �k38gJ5<C>793!H*L23H*LBEJ383:=DIK58¤6AB;25<1G7QADik58;�?�ÒBC>58=2E�IG1G56HJ3<E�561kg�IGEJg�C>OP79g*EJIKN>3<=�5�N2ADCBH�5�g�AB;BI4g�i�ABE�OÞ5:79361Ri��MyAD1G58E>H�EJIG58;>¤`1K3#ÜRH*LDIK7bIK7¢H*L23Q=BC>561�ADi8�kL238ABEJ36O��>e � � AB;¿M25�¤63 ��� ADi<H*L23#¡¢A`Ù83�HJ3<E¢N>A2A2�g�IRHJ38=!58N>A6�B3`Ý��8H*L23�=DIK58¤6AB;25<1G7QADikADC>E�M>5<E�5<1R143�14A2¤�E�5<O���;258OP361 ?

y1x − x1y = 0
5<;>=

y2x − x2y = 0
�B58EJ3:g*AB; 14Cy¤�5�H�32e��kLDIK7wH�3�1G1G7FC>7FH*LB5�H

x1x2

a2
+

y1y2

b2
= 0

�
587#=>367)IGEJ38=be
�������3� �H
��������x�� ���Q���������� ��!"��#%$&�'�)���� �%$-#��9#��1,G5_5/0� �l91',I��F=y�0.CO70�.4&<$%��F
y%!v0%,/.C�
o X%p �b%`

r1 < 0 < r2 < r3

r bY` h1b3f�b�XZ4f�\1\�`�[	\�i
8x3 − 6x +

√
3 = 0

�	� f�\d�b
` h�X�`

r2
3 = 4r2

2 − 4r4
2

X�V<W
r2
1 = 4r2

3 − 4r4
3

�
oAr p �b%`

s1 < 0 < s2 < s3

r b	` h1bgf�bX�Z�f�\1\�`�[l\�i
8x3 −6x+1 = 0

�
� f�\�d�b	` h�X%`
r2
1 + s2

2 = 1
�

s2
1 + r2

2 = 1
� X�V<W

r2
3 + s2

3 = 1
�

y��5M91O7,I��.�'�)+24�H,70�.�wY?C2x$-0# 58$-)�Ft���N${#�'�)1OI$%�H,70�. s �5_58${E�${F s 5_,/.vO8��.�FCy s F�K"y{z��
o X-p � b%`

x = sin θ
��� h1b�c-U�d�b�V b�n�^<X�`�U7\�V

8x3 − 6x +
√

3 = 0 � X%� r b
f�b-jDfHU_`H`�bV+X�[

√
3

2
= −4x3 + 3x = −4 sin3 θ + 3 sin θ = sin(3θ)

�
� h1b�V

3θ = π
3

+ 2πk
\�f

3θ = 2π
3

+ 2πk
� iA\�f=XV���U7V�`�b�c�b�f

k
��� b�[ `efHU/��`�UGV<c

θ
`�\

` h1bYU7V�`�bfId�X�Z
[0, 2π]

� j�bY�<V<W�` h�X%`

θ ∈
{

π

9

� 2π

9

� 7π

9

� 8π

9

� 13π

9

� 14π

9

} �
� h�^<[ �

r1 = sin
13π

9
= − sin

4π

9

�
r2 = sin

π

9

� XV<W
r3 = sin

2π

9

�
=[NUGV<cg` h1bYU/W1bV�`�U�`8�

sin2 2θ = 4 sin2 θ − 4 sin4 θ
� j�bDh�X-d�b

r2
3 = sin2 2π

9
= 4 sin2 π

9
− 4 sin4 π

9
= 4r2

2 − 4r4
2

X�V<W
r2
1 = sin2 4π

9
= 4 sin2 2π

9
− 4 sin4 2π

9
= 4r2

3 − 4r4
3

�
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x = cos θ
e��kL23�¤`I �B3<;Õ3<ÒBC>5�HJI4AB;

8x3 − 6x + 1 = 0
O�5�? N>3EJ3`�:E�IRH�HJ3<;�587

−1

2
= 4x3 − 3x = 4 cos3 θ − 3 cos θ = cos(3θ)

e
�¢L236;

3θ = 2π
3

+ 2πk
ABE

3θ = 4π
3

+ 2πk
�2i�ABEw58;�?�IG;DH�3<¤63<E

k
eq«¢367*H�E�I4gJHJIG;>¤

θ
HJAH*L23�IK;DHJ3<Et�D561

[0, 2π]
�8��3��>;>=!H*LB5�H
θ ∈

{
2π

9

� 4π

9

� 8π

9

� 10π

9

� 14π

9

� 16π

9

} e
�¢LDC>7`�

s1 = cos
8π

9
= − cos

π

9

�
s2 = cos

4π

9

� 58;>=
s3 = cos

2π

9

e
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cos2 θ +sin2 θ = 158M2M21RI43<=!H�A�H*L23:58N>A6�B3q�D5<1RCy3<7#ADi
ri
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e
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≡ 499 ≡ 1176493 ≡ 23 = 8 ( (mod 71)
e

� IRH*L¿H*L23qL2361GM�ADi25¿g*ABO�M2CBHJ3<E9�6��3��>;>=:H*LB5�H/H*L23qÒDC2IK;DHJIKg�EJ3<7*I4=DCy3<7wÜKOSA2=
71
Ý58EJ3

0
�
1
�
20
�
23
�
26
�
30
�
32
�
34
�
37
�
39
�
41
�
45
�
48
�
51
�25<;>=

7058;>=!H*L23�7,36MBHJIKgFEJ3<7*I4=DCy3<7#ÜKOSA2=
71
Ý�5<EJ3

0
�
1
�
5
�
14
�
17
�
25
�
46
�
54
�
57
�
66
�B58;>=

70
e

£4H�i�AD1G1KA8�:7QN<?@HJ38=DI4ADC>7QNDCBHw7�H�E�5<IK¤6L�HJi�ABE��:5<EJ=�g�5614g�C21G56HJIKAB;27�H*LB5�H�H*L23¿EJ3<7*I4=DCy3<7ADi
x5 + y7 (mod 71)

5<EJ3�M2EJ38g�IG7,3�1�?¬H*L2AB7,3
k
��L236EJ3

0 ≤ k ≤ 70
7*Cyg)L�H*LB5�H

k /∈ {8
�
10
�
11
�
60
�
61
�
63} e�6IK;>g�3xH*L23¿EJ3<7*I4=DCy3
8
IK7wO�IG797*IK;>¤��6��3�g�AB;>g�1GCy=23xH*LB56H�H*L23�¤`I��B36;�3<ÒBC>5�HJI4AB;�LB587;>A!IK;DHJ38¤636Ew7,AD1RCBHJI4AB;276e

�  ��� �����!���" � ���	� �CX ��������� � � �   ���DM��%����
 � ��� X ��
 ����� �&���U2��,8NO 2"(576C8D9F)�@ � ����� ��� �49�� � � M ��� �
9 � � � � " � ��!���� �	���D�I)CE�� �� � �C)�@B �)&" 9��(1 ��� " � M ������� � ��������#&6FM������ �������� ��� ��� � � � ��
��� ��� ���������� ����� #

6FM�������� � ������� ����
 ���JV ��" �DM � �
71

� � � M ����
 ��  ��������� � 
 � �������&M�� � M � M � � ����� ��� �%���JV ��#

�����Y���(��
�������<���	�4�v���������� ��!"��#%$&�'�) �%��# �$(J19�,G#�w �
�
0 � ��240�e�N$-�N��F�Kx.�,8L$-�H# ,MO701O

���5G,8O��$���.�, �M0+&<$ s 01O70�5M9�.<)�0Ft240���e${5I��.<0�Fxy%!v0%,/.C?
� X�Z/�e^1ZGX�`�b

lim
n→∞

ln

(
n∏

k=1

(
k2 + n2

n2

)k
)1

n2 �

s ��u�!"��#N,8O8$���6SL{,/�]O�90�5_5A)(,I&<$%.vO7, �M0�5 #-�5H9�O7,8��.�#�'�)�O �4��#%$�#%�5IL$%�M#�,8&<$-.CO7,��C$&�'�)�0�.
0#%O8$-�H,7#	�>'1$-# ,8&<$3O �4${,7�l.10�u�${#�,/.�O �4$g5G,G#�Ov01OtO �v$D$%.4&4�

�b%`
Sn = ln

(
n∏

k=1

(
k2 + n2

n2

)k
) 1

n2 �"� h1bV

Sn =
1

n2

n∑

k=1

k ln

(
k2 + n2

n2

)

=
1

n

n∑

k=1

k

n
ln

(

1 +
k2

n2

) �



�����
5!«kI436OP5<;2;@7)C>OÊ587)7,A2g�IG56HJ38=q��IRH*L�H*L23qg*AB;DHJIG;BCyADC>7�iKC>;>gJHJIKAB;
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